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Abstract 

We use simple currents to construct symmetric special Frobenius algebras in 
modular tensor categories. We classify such simple current type algebras with 
the help of abelian group cohomology. We show that they lead to the modu- 
lar invariant torus partition functions that have been studied by Kreuzer and 
Schellekens. We also classify boundary conditions in the associated conformal 
field theories and show that the boundary states are given by the formula pro- 
posed in |hep-th /OOO 71 74| Finally, we investigate conformal defects in these 
theories. 
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1 Introduction 



In a series of papers [1,1,11], we are developing a description of correlation functions of 
rational conformal field theory that is based on the combination of algebra and representa- 
tion theory in modular tensor categories with topological field theory in three dimensions. 
A central ingredient in our construction are symmetric special Frohenius algebras in these 
tensor categories. 

The main purpose of the present paper is to discuss a specific class of examples, namely 
those based on algebras built from invertible objects or, in CFT terminology, simple cur- 
rents pilHE] . The general theory is developed further only to the extent that is necessary to 
understand the special features of such simple current algebras. While one of the important 
virtues of Frobenius algebras is that they allow for a unified treatment of exceptional mod- 
ular invariants and simple current modular invariants, simple currents are predominant in 
applications. One reason is the fact that mutually local simple currents with trivial twist 
(i.e., integral conformal weight) can be used in particular to implement various projections. 

For a discussion of the interplay between simple currents and projections we refer to |5|6j 
in the context of string theory, and to in the context of universality classes of quantum 
Hall fluids. Simple currents with non-trivial twist, on the other hand, play an important 
role in the description of those symmetries that cannot be incorporated in a (bosonic) 
chiral algebra, such as supersymmetries or parafermionic symmetries. In string theory, 
they can also be used to implement mirror symmetry for Gepner models [H]. The methods 
of [1, 1, II] allow in particular for the calculation of the structure constants of operator 
product expansions. For certain classes of conformal field theories with torus partition 
function of simple current type structure constants for bulk fields had been considered 
before e.g. in jHl CHI HH 1121 CB]- Structure constants for boundary fields in such theories 
were first studied, for the case of Virasoro minimal models, in J3] . Our results provide a 
rigorous basis for the tools used in these applications. 

Another important role of simple currents is their use in the construction of different 
Klein bottle amplitudes. Actually we expect them to provide particularly strong relations 
in the case of Azumaya algebras (corresponding to pure automorphism modular invariants). 
An analysis of this aspect of simple currents requires, however, further concepts from the 
general theory and hence will be presented elsewhere. 

There is also a more theoretical motivation: (isomorphism classes of) simple currents 
span a subring of the fusion ring, and this subring is isomorphic to the group ring of a finite 
abelian group. The full subcategory whose objects are (direct sums of) simple currents can 
be seen as a categorification of this group ring. Quite generally, finding a categorification 
of an algebraic object should be a problem of cohomological nature. In the case of simple 
currents, this can be made precise: group cohomology controls categorifications while 
abelian group cohomology controls braided categorifications. Any general theory of 
categorifications should be a generalization of these cohomology theories; the fact that the 
categorification of simple currents leads to good cohomology theories provides a partial 
mathematical explanation of the computational power of simple currents which makes 
them so useful in many applications. 
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This paper is organized as follows. In Section 2 we discuss braided categories whose 
objects are all invertible. This is the category-theoretic analogue of the study of line bundles 
over, say, a manifold; accordingly we refer to the resulting theory as braided Picard theory. 
Section 3 is devoted to the study of haploid symmetric special Frobenius algebras all of 
whose simple subobjects are invertible. We show that they give rise precisely to the class 
of modular invariant partition functions studied by Kreuzer and Schellekens JH]- Section 
4 deals with the representation theory of such algebras. Modules correspond to boundary 
conditions; therefore our formalism allows us in particular to give a rigorous proof of the 
formulae of P7j for boundary states in conformal field theories with simple current modular 
invariant. In section 5 we develop the theory of bimodules of these algebras; bimodules 
describe conformal defects in the corresponding conformal field theories. 

In our notation we follow [I] and [II] whenever possible; in particular we use the 
notation for the duality, braiding and twist morphisms introduced there, see e.g. the list 
(1:2.8). We refer to formulas, theorems etc. from [I] and [II] by the numbering used there, 
preceded by the symbol 'I:' and 'II:', respectively. 

2 Braided Picard theory 

Let us start with some basic definitions. 
Definition 2.1 : 

(i) An object of a tensor category C is called invertible, or a simple current, ^ iff there 
exists an object V' such that V ®V' is isomorphic to the tensor unit 1. 

(ii) A tensor category is called pointed [IHI iff every simple object is invertible. 

(iii) A theta- category jTHj is a braided pointed tensor category. 

(iv) The Picard category ^ Vic{C) of tensor category C is the full tensor subcategory of C 
whose objects are direct sums of invertible objects of C. 

(v) A simple object U of Vic{C) is said to be of finite order iff some tensor power of U 
is isomorphic to the tensor unit. The order of such an object U is the smallest positive 
integer Nu such that U^^^ = 1. 

Note that in these definitions it is not assumed that the category also has a duality and 
a twist or, in case it does, whether they (together with the braiding) make the category 
into a sovereign category. However, in the present context of rational CFT, all pointed and 
theta-categories arise as full subcategories of sovereign (and in fact modular) categories 
and are therefore sovereign themselves. Indeed, for the purposes of this paper we consider 
only categories with the following additional properties: 

^ This term was introduced in the physics hterature 2 , while the quaHfication 'invertible' is standard 
in the mathematics literature. 

^ The term 'Picard category' is also used for other, sometimes related, mathematical objects in algebra, 
stable homotopy theory and category theory. Since there is no danger of confusing those with the present 
use of the term, we refrain from commenting on the relation to its various other uses. 
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Convention 2.2 : 

All categories in this paper are assumed to be small abelian C-linear semisimple sovereign 
tensor categories, and to possess the following additional properties: 

■ The morphism spaces are finite-dimensional complex vector spaces. 

■ The tensor unit 1 is simple. 

■ The dimension of any object is a non-negative real number. 

■ There are only finitely many isomorphism classes of simple objects. 

Moreover, with the exception of the concrete categories C{G,ijj) and C{G,ip,fl) (to be 
introduced in lemma ITHl below) . these categories are assumed to be strict tensor categories. 

Also recall that braided sovereign tensor categories are also known as ribbon categories. 
For the applications to conformal field theory we have in mind, we are interested in (sub- 
categories of) modular tensor categories. 

When taking into account the convention 12. 2| the following observations are straight- 
forward: 

Remark 2.3 : 

(i) Invertible objects are simple. 

(ii) For any invertible object V the relations 

by o dv = idvigiv^ and by o dy = idy^igiv (2.1) 

for the left and right duality morphisms (as defined in (1:2.8) and (1:2.12)) are valid. 

(iii) Existence of an object V such that V = 1 is equivalent to the existence of 
an object V" such that V" ^V=l. (In short, 'right-invertibility' is equivalent to 'left- 
invertibility'.) Indeed, both the object V in definition l2.ir i) and the object V" in question 
can be taken to be the dual object , since one has V = 1 = ® V. 

(iv) It follows in particular that an object V is invertible iff the dual object V"^ is invertible. 
Because of V ^ V"^ = 1, the dimension of an invertible object is thus an invertible number. 
And because of dim(y) = dim(V^^), it must be ±1 and hence, by the positivity assumption 
on dimensions, dim(\^) = 1. Indeed, simple currents can alternatively be characterized as 
simple objects of dimension 1. Such objects have been classified jSOj for certain classes of 
modular tensor categories, like the ones based on an untwisted affine Lie algebra at integral 
level (compare also |2lil22i)- 

(v) If C is sovereign, then Vic{C) is sovereign, too, and it is a pointed category. 

(vi) If C is braided, then Vic{C) is braided as well, and hence it is a theta-category. 

(vii) Even when C is modular, the Picard category Vic{C) is, in general, not modular. 

The following result is a direct consequence of the definitions: 
Proposition 2.4: 

(i) The Grothendieck ring of a pointed category T> is isomorphic to the group ring of a 
finite group G, KoiC) ^ ZG. 
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(ii) The fusion ring of a theta-category is isomorphic to the group ring of a finite abehan 
group. 



Definition 2.5 : 

Let C be a tensor category. The Picard group of C, denoted by Pic(C), is the group of 
all isomorphism classes of invertible objects in C, with the product being the one of the 
Grothendieck ring Kq{C) D Pic(C). 



Remark 2.6 : 

(i) Pic(C) is a finite group, and we have KQ{Vic{C)) = ZPic(C) as a ring over Z. When 
the category C is braided, then the Picard group Pic(C) is a finite abelian group. 

(ii) In the physics literature, the Picard group Pic(C) of a braided tensor category is also 
called the simple current group or center of C. This notion of center should not be confused 
with the Drinfeld center (see e.g. chapter XIII.4 of [22]) of the category C. Also note that 
the latter is a category of global dimension Dim(C)^ |21], while the global dimension of the 
Picard category Vic{C) is bounded by Dim(C). 

1 /2 

(The global dimension of C is defined as the number Dim(C) := ( Xliex '^™(^«)^) ' with 
t/j, « gX a set of representatives for the isomorphism classes of simple objects of C.) 

(iii) The same notion of Picard group is used for instance in stable homotopy theory, see 
e.g. In the literature there is also a different notion of Picard group, namely the tensor 
subcategory consisting of all invertible objects, which is in particular a categorical group, 
or cat-group (see e.g. [21112111211 ) • 

To obtain examples of pointed categories and theta-categories, we select a finite group 
G, which for theta-categories will be required to be abelian. Consider the category of fini- 
te-dimensional G-graded complex vector spaces with the grade-respecting linear maps as 
morphisms. This is an abelian semisimple category whose isomorphism classes of simple 
objects Lg are in bijection to the elements g of G. A general object V can be written as a 
direct sum ©gg^V^ of finite-dimensional vector spaces. Every three-cocycle ip G Z^{G, C^) 
defines an associativity constraint by 

avy,v>> : [v^^ ® v;) ® v;'^ - Vg_^ ® (y; ® v^:^ ^^^^^ 

{v®v')®v" "ipigi, 92, 93)^'^ V ® {v' ® v") . 

To obtain a theta-category, we endow this category with a braiding; this is possible only if 
G is abelian. It turns out ( P^lOUj . see also (HUSIl) that a representative {ip, fl) of the third 
abelian group cohomology (as defined in ^2] and summarized in appendix IA.2|) contains 
exactly the relevant data; we can define the braiding by 

cvy- v;,®^; - K..^Vg^ ^^^^^ 
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For a discussion of equivalences between such categories we introduce the following 
notion. 

Definition 2.7: 

Let i? be a ring. A pair consisting of a sovereign tensor category C and an isomorphism 
/: R—>-Ko{C) is called an R-marked tensor category. If the ring is evident, we simply call 
the category marked. 

In a marked category one has a distinguished correspondence between elements of the 
ring R and isomorphism classes of simple objects in C. In the example of G-graded vector 
spaces treated above, we naturally get a marked category by taking R to be the group ring 
ZG and choosing f{g) = [Vg]. 

Lemma 2.8 : 

(i) Let G be a finite group. The associativity constraint a given in (j2.2j) defines the struc- 
ture of a pointed tensor category C(G, ■?/'). 

(ii) The categories C{G,ip) and C{G,ip') are equivalent as ZG-marked tensor categories if 
and only if the three-cocycles ijj and ijj' are cohomologous. 

(iii) Let G be a finite abelian group. The morphisms given in (|2.2|) and (|2.3|) define the 
structure of a theta-category C{G,ip,Q). 

(iv) The categories C(G, ip, Q) and C(G, tp', Q') are equivalent as ZG-marked ribbon cate- 
gories if and only if the abelian three-cocycles (ipj^l) and are cohomologous. 

Proof: 

(i) The associativity constraint a obeys the pentagon condition, because ijj is closed, 
(iii) The morphisms in ()2.H|1 indeed furnish a braiding; in particular they satisfy the relevant 
compatibility conditions with the associator ()2.2|1 . i.e. the two hexagon diagrams. 

(ii) and (iv) Since we are only concerned with functorial isomorphism between C and C 
as marked tensor (respectively, ribbon) categories, we can assume that the relevant functor 
acts as the identity on objects. The statements then follow directly by comparison with 
the relevant notions from group cohomology and abelian group cohomology, respectively. 
(These notions are summarized in appendix^) / 

We now show that these examples already exhaust the class of pointed categories and 
theta-categories, respectively. To this end we need, besides the result given in proposition 
12. 4| the notion (see e.g. theorem 2.3 in jH2j) of categorification. To introduce this, we first 
recall that a based ring R over the integers Z is a unital ring over Z together with a basis 
of R in which the structure constants are non-negative; we can then state 

Definition 2.9 : 

Let i? be a based ring. 

(i) A categorification of i? is a sovereign tensor category C such that Kq{C) = R. 

(ii) A braided categorification of is a ribbon category C such that Kq{C) = R. 
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Remark 2.10 : 

(i) In the definition, the category C is required to be sovereign. This property guarantees 
that the tensor product functor is exact and thus induces a product on the Grothendieck 
group Ko{C). 

(ii) An additional necessary condition for a ring R to have a braided categorification is 
that R is abehan. 

(iii) The tools used in much of the physics literature on conformal field theory are essentially 
(fusion) rings and the twist (appearing as the exponentiated conformal weight). Other 
aspects of categorification are usually not taken into account. 



Proposition 2.11: 

(i) Let G be a finite group. For every categorification C of the group ring ZG there exists 
some e Z^{G, C^) such that C is equivalent to C{G,ip) as a sovereign tensor category. 

(ii) Let G be a finite abelian group. For every braided categorification C of ZG there 
is some abelian three-cocycle (ip,^) such that C is equivalent to C{G,ip,^) as a theta- 
category. 

(iii) The equivalence classes of marked categorifications of ZG are in bijection with the 
group H^{G,<C^), and the equivalence classes of braided categorifications of ZG are in 
bijection with H^^{G,€''). 

(iv) These categorifications exhaust the class of pointed categories (for an arbitrary finite 
group G) and of theta-categories (for G finite abelian), respectively. 

Proof: 

(i) The proof can essentially be found in appendix E of compare also [211123 • The 
isomorphism classes of simple objects are labeled by group elements g & G. We fix repre- 
sentatives Lg\ this will always be done in such a way that the representative Le of the unit 
element is the tensor unit 1. The morphism spaces Y{om.{Lg^® Lg^, Lg^g^) are one-dimensi- 
onal. We select a basis 

g^hg^ G Hom(Lg,(g)Lg2,Lg,g2) . (2.4) 

(There is no distinguished basis; group cohomology is the appropriate tool for formulating 
basis independent statements. Our conventions for basis choices are collected in appendix 

O) 

The associator is described by the family of isomorphisms 

r' 91, 92, 93 ■ 

}iOm{Lg^^{Lg^®Lg.^), 

^9i929A 

) ^ I{Om{{Lg^®Lg^)®Lg^),Lg^g^g^) 

Since the two morphism spaces are one-dimensional, the isomorphism (t)g^,g2,g-i is described, 
in the chosen basis, by a non-zero number tp{gi, g2, gs): 

4>{gibg2g; ° (^'^L,, ® 92^93)) = '^^i.Qu 92. 9^)~\ig2K ° {9^92® ^^^L J ■ (2-6) 
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The pentagon axiom is easily seen to be equivalent to the assertion that is a three-co- 
cycle. Different choices of basis lead to cohomologous three-cocycles. We conclude that 
the pointed category is equivalent to C{G,'ip). 

(ii) These statements can be found in For the case of theta-categories, we use the fact 
that the braiding is described by the isomorphism that it induces on morphism spaces, 

B.Om{Lg^0Lg^,Lg^g^) ^ }l0m{L g^^ L g ^ , L g ^ g^) 

The action of this isomorphism on a basis element is described by the two-cochain Q on G 
with values in C^: 

sAa ° = n{gi,g2y^ g^hg^ . (2.8) 

It is straightforward to check that the pentagon axiom and the two hexagon axioms imply 
the two constraints ()A.8|) . so that ('?/', f2) is an abelian three-cocycle. Cohomologous three- 
cocycles give rise to equivalent theta-categories. 

(iii) The statements follow from (i) and (ii), respectively, together with lemma ITHl 

(iv) The statements follow from combining (i)-(iii) with proposition 12.41 / 



Remark 2.12: 

(i) The matrix elements of the associator cj) for general simple objects are, in a chosen basis, 
the elements of the fusing matrices F, or 6j-symbols, while those of VL are the elements of 
the braiding matrices R. To make contact with the corresponding notation for fusing and 
braiding used in [I], let us compare formulas (1:2.36) and (1:2.41) to the above relations 

and (EH); we have 

F;?^/-^* = ^(r,.,t)-^ and R^'^^)-^ = n{s,rY' , (2.9) 

where for better readability we have indicated the product in the group G by the symbol 
It is straightforward to check that a pair (F, R) obeys the pentagon and the two hexagon 
relations if and only if (V",^) is an abelian three-cocycle (for details, see appendix [n]). 

(ii) In proposition 12. llf iii) we considered equivalence classes of marked categorifications of 
ZG. The equivalence classes of categorifications of ZG, on the other hand, are in one-to- 
one correspondence with elements of H^{G, C^)/Out(G), respectively H^-^^{G, C)/Out(G) 
in the braided case, see e.g. proposition 1.21 of [SE!- 

(iii) Later on we need some understanding of the possible associators and braidings on the 
theta-category Vic{C) that arises as a subcategory of a modular category C. In comparing 
two associators or braidings, we will always leave the relevant objects fixed. This explains 
our interest in marked categorifications. 

The group of abelian 3-cocycles is isomorphic to the group of quadratic forms on G (see 
appendix IA.2j) . What makes theta-categories particularly accessible is that this quadratic 
form can easily be computed in concrete CFT models from the conformal weights. To this 
end, we need the notion of balancing isomorphism or twist, which is introduced in 
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Definition 2.13: 

(i) For every object f/ of a ribbon category C, the twist 6u is tlie endomorphism 

0u ■= {du ® idu) o (idc/v ® cu,u) ° {bu ® idu) e End(f/) . (2.10) 

(ii) For simple objects U = Ui we set 

9u,=:9iidu, (2.11) 

with 9i E C^. The number 9i is also called the twist, or the balancing phase, ^ of f/,. 
When the simple object is invertible, U = Lg, we write 9Lg =:9gidLg- 

For any object V the twist 9v is an isomorphism (so that in particular the definition 
(I2.11|) of the balancing phase makes sense); it is also called the balancing isomorphism. The 
balancing phases of isomorphic simple objects, as well as of their dual objects, coincide; in 
particular, 

9g-i=9g for all geG. (2.12) 
The balancing phases are related to the braiding as follows. 

Proposition 2.14: 

(i) The function 

^ - f (2.13) 

9 ^ 6g 

is a quadratic form on the group G. It is the inverse of the quadratic form q: G—>-<C^ 
that (as described in formula ()A.12|) ) characterizes the isomorphism class of a marked 
theta-category: 

q{g)-'^n{g,gr' = 9g = 5{g). (2.14) 

In particular, 

CLg,Lg = 9gidL,(^Lg ■ (2.15) 

(ii) The bihomomorphism associated to the quadratic form 6 is given by 



(2.16) 



p: GxG ^ 

{91,92) ^ S{gig2)5{gi)-^S{g2)~^ 

and one has the identity 

cl,^,l,, o cl^^^l,, = I3{gi,92) idL,^®L,, . (2.17) 



Proof: 

(i) Note that for gi= g2=: g, the relation (j2.8p for the braiding of basis morphisms implies 



The numbers 9i are indeed phases, and even roots of unity, see e.g. |37| . 
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that CLg,Lg = ^{g,g) ^ idig^Lg- For U = Lg an invertible object of a ribbon category, the 
definition ()2.10|) of the twist then gives 

Ol, = n{g,g)-' dim{Lg)idL, = n{g,gr'idL, . (2.18) 
This estabhshes both (imjl and (ITTH|) . 

(ii) The first statement is just the definition of an associated bihomomorphism (see formula 
()A.11|) ). The relation ()2.17|) follows directly from the compatibility condition 

Ov(gjW = cwy ° cv,w o {9v ® Ow) (2-19) 
between braiding and twist (it is also implied by formula ()A.13|1 ). / 



Remark 2.15 : 

When C is the modular tensor category associated to some rational CFT, then the balancing 
phases are related by 

9i = exp(-27riAi) (2.20) 

with the conformal weights Aj G Q of the primary fields of the CFT. Note that for the 
category C only the fractional part of the conformal weight matters. In particular, for 
g & G we have 6{g) = exp(— 27riAg), and thus the isomorphism class of the theta-category is 
given by the exponentiated conformal weights. Moreover, the associated bihomomorphism 
P obeys 

/3((?i,(?2) =exp(27riQg,((72)) (2.21) 

for gi,g2EG, where 

Qg,ig2) := A,, + A,, - Ag,g, mod Z . (2.22) 

In CFT, Qg^{g2) is known as the monodromy charge of the simple current Lg^ with respect 
to Lg^ (or vice versa) jS]. Also note that 5 contains more information than (3 (see section 
IA.2|) . In the CFT setting, this means that the fractional parts of the conformal weights 
contain more information than the monodromy charges. 

In a braided setting, a certain subgroup of the Picard group plays a particularly im- 
portant role. We need the 

Definition 2.16 : 

Let G be an abelian group and ifj a three-cocycle on G. We call a subgroup H oi G 
ip-trivializahle iff there exists a two-cochain u on H such that 

duj = tp\H- (2.23) 

The two-cochain uj is then called a trivialization of H. 

For braided categories, one should rather start with an abelian three-cocycle {il),Q). 
Then -i/^-trivializable subgroups of G possess a simple characterization, as a corollary to the 
following result. 
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Lemma 2.17: 

Let G be a finite abelian group and Q) an abelian three-cocycle on G. Then the 
cohomology class of ip in the ordinary group cohomology H^{G,<C^) is equal to the 
trivial class [1] if and only if for each element g&G one has {VL{g,g))^^ = 1 with Ng the 
order of g. 

Proof: 

The map BVI: H^XG^ C*) ^ QF(G, C^) given by 

with q{g):=n{g,g) (2.24) 

is well defined and an isomorphism of abelian groups, see appendix lA. 21 

Suppose that = [1]. For the abehan cohomology class this implies [(?/', = [(1, 17)] 
for some appropriate two-cochain Vt. According to formula ()A.8|) . (1,^2) is an abelian 
three-cocycle iff 17 is a bihomomorphism. Now 

n{g,g) = BVl([(^,fi)])((7) = BV1([(1, n)])(^) = nig,g) , (2.25) 

and Q{g , g)^^ = Q{g , g^^) = 1, because f2 is a bihomomorphism. Thus indeed Q{g, g)^<> = 1 
for all g eG. 

Suppose now that, conversely, Q{g,g)^^ = l for all g^G. To establish that this implies 
[ip] = [1], it is sufficient to construct a bihomomorphism Q{g, h) such that Q{g,g) = Q{g,g) 
for all g^G. Once we have such an Q, we know that (1,17) is an abelian three-cocycle 
obeying 

m[{l,nmg)=nig,g)=nig,g) = FM{[{^,nmg). (2.26) 

Since the map ()2.24|) is an isomorphism, this implies [(1, fi)] = [(?/', fi)] in abelian group 
cohomology, and thus in particular [1] = [ip] in ordinary cohomology. 

Let us proceed to construct an Q with the desired properties. Define q{g) ■.= fl{g,g), which 
by (j2.24j) is a quadratic form. Select a set gi,g2, ■■■ ,fi'r of generators of the group G. For 
a, b g{1, 2, ... , r} choose numbers Xab such that 

exp(27riXaa) = q{ga) for all a , 

exp(27riX„5) = q{gagh) [q{ga) q{gb)]~^ for a < 6 , (2.27) 
Xab = for a > 6 . 

For two group elements g = Ylaida)"^" h = Ylaida)"''^ would then like to set 

k 

Q(g, h) := exp(27ri ^ maXabUb) ■ (2.28) 

a,b=l 

For this to furnish a well-defined map G x G — , shifting ^ or Ua ^ ±-/Va must 
not affect the value of the right hand side of ()2.28p . We consider only the former shift, the 
latter being analogous; the right hand side of ()2.28|) changes by the factor 

exp (27ri ^ NaXabUb) = f[ (e^-^^^-^ ■ (2-29) 

6=1 6=1 
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Now in fact each of the factors exp{2'n'iNaXab) is equal to one. To see this consider the 
three cases in ()2.27p separately. For a>b the statement is trivial. For a = b, the statement 
follows because by assumption q^ga)^" = 1- Finally, for a<b, the statement is implied by 
the identity 

(2.30) 

for the bihomomorphism f3g ()A.11|) that is associated to q. Here in the first two steps we 
use g^°- = e and the bihomomorphism property of Pg, while in the last step the definition 
of in terms of q is inserted. 

Thus ()2.28|) gives a well-defined map Cl: G x G—>-(C^. From the definition it is obvious 
that f2 is a bihomomorphism. This implies that q{g) =Q{g,g) is a quadratic form on G. 
It remains to show that q{g) =q{g) for all g(zG. By lemma lR2l it is sufficient to verify 
that q[ga) = q{ga) for all a and q{gagb) = q{gagb) for all aj^b. The first equality holds by 
definition. To show the second, we may assume that a<b; then 

Qi9agb) = ^{gagb, gagb) = ^{ga, go) ^{gb, gb) ^{ga, gb) ^{gb, go) = q{gagb) ■ (2.31) 

Here in the first step the definition of q is inserted, in the second step it is used that VL is 
a bihomomorphism, and in the last step the definition of Vl is substituted. / 

Corollary 2.18: 

Let G be an abelian group and {if), VL) an abelian three-cocycle on G. A subgroup H <G 
is 'i/'-trivializable iff for each element h&H one has /i))^'' = 1 with the order of h. 

Remark 2.19 : 

The condition that {5{h))^>^ = /i))"^^ is equal to 1 is fulfilled for every h^G that can 
be written as a square. This is implied by the following argument from [3], which for the 
convenience of the reader is reformulated using the present terminology. First note that 
P{g, g^~^) = S{g'^)[S{g'^''^)6{g)]~^ for g & G and any integer n, implying that 

6{gn=6{g^'')6{g){(3{g,g)r-\ (2.32) 

For n = Ng this gives, after choosing a square root a/ l3{g, g) of (3{g,g)-, 

S{g) = e, i^Mg^i))-'''^' (2.33) 

with G {±1}. With the help of ()2.32|) . one can now prove by induction that 

5((?'^)=6^(v/^(^)-"^^^-"\ (2.34) 

Let now hEG he a square, h = g"^, so that Ng = 2Nh € 2Z. Since (3{g,g) is an A^^^th root of 
unity, by applying ()2.34|) with n = 2 it follows that 

{6{h)f'^ = {6{g')f^/' = {el ( V^)"'^''^"'^^^' = 1 ■ (2-35) 
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Definition 2.20 : 

Suppose the Picard category of a tensor category C is equivalent to €(0,1^,^). Then 
the effective center Pic°(C) of the category C is the union (as sets) of all ?/'-trivializable 
subgroups of G. 

Remark 2.21: 

(i) Note that if g has order A^^, then g"^ has order Ngn. =mNg/n, with m the smallest 
positive integer such that mNg/n G Z. If 6^^ = 1, then by lemma lBl2f ii) we also have 

= (^Q^Y^mNJn ^ (^QN.ym ^ ^ _ ^2.36) 

Thus, if 6^^ = 1 for some gGPic{C), then also 6*^'' = 1 for all h in the cyclic subgroup 
generated by g. Together with corollarv 12.181 it follows that the effective center Pic°(C) 
consists precisely of those g G Pic(C) for which 6g " = 1. In CFT, where the twist is related 
to the conformal weights by ()2.20|) . this means that 

Fic°{C) = {geG\NgAgeZ}. (2.37) 

This is the original definition jSH] of the effective center. 

(ii) The effective center is, in general, not a group. ^ For example, one checks that the 
function q: G— given by q{gi^^g2^^) '■= exp(7rimf/2) is a quadratic form on the group 
G' = Z2 X Z4, with the two generators denoted by gi and g2. The associated bihomomor- 
phism (3, acts as f^.ig^ 9T\ 9i' 9?) = (-l)'"^"^ . Let [(^, fi)] := BVI-i(g) G i/fJG, C) be the 
abelian cohomology class determined by q via the isomorphism ()A.12|) . with representative 
{ilj,n)eZ^^{G,€), and set V ■=C{G,ij,n). 

The two elements g := g2 and h:=gig2 of G both have order four, and q{g)'^ = 1 = q{h)^ , 
while gh has order two, and q{gh)^ = —1. Together with part (i), this implies that g and h 
are in Pic°(P), while gh is not. Thus Pic°(P) is not a subgroup of Pic(T') = G. In fact, in 
this example one has Pic°(P) = {e, g^, g^, gi, fl'i5'2> 9i9i}- 

(iii) According to remark [2.191 every square in Pic(C) is even in Pic°(C). Also note that 
in particular every group element h of odd order can be written as a square, namely as 
h= . Thus simple currents of odd order are always in the effective center. 

(iv) The quotient u/u' of two trivializing two-cochains u and u' is closed, but not neces- 
sarily exact. 

(v) The Picard group of the product C1KIC2 of two categories is the product of the Picard 
groups, 

Pic(CiKC2) = Pic(Ci) X Pic(C2) . (2.38) 

In contrast, a similar identity does not hold for the effective center. Here is a simple counter 
example: take for Ci=C2=C the modular tensor category for the WZW theory based on 
A^i^ at level 1. The effective center of C is trivial, whereas the product has effective center 
Pic°(CKC)^Z2. 

We thank Bert Schellekens for pointing this out to us. 
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3 Algebras 



We now proceed to discuss symmetric special Frobenius algebras. Such algebras in modu- 
lar tensor categories play an important role in conformal field theory [1,1]. An important 
subclass is the one of simple symmetric special Frobenius algebras, which contains in par- 
ticular the class of haploid special Frobenius algebras: ^ 

Definition 3.1 : 

An algebra A in a tensor category C is called haploid [30! iff it contains the tensor unit 
with multiplicity one, i.e. iff 

Hom(l,A) = C. (3.1) 

A is called simple iff pil liU] 

HomA|A(A, A) ^ C . (3.2) 

Haploid algebras can be characterized as the algebras that are simple as left modules 
over themselves, and simple algebras as those that are simple as bimodules over themselves. 
A haploid algebra is in particular simple. Also, every simple algebra in C is Morita equiv- 
alent to a haploid algebra j24j. Since in the construction of a full CFT on oriented world 
sheets for a given modular tensor category only the Morita class of an algebra matters, 
this justifies to restrict, as we will do later on, our attention to haploid algebras. 

The goal of this section is to provide a systematic construction of haploid special Frobe- 
nius algebras from invertible elements and to show that these algebras give rise to most 
of the known module categories - the ones that are of "D-type" in A-D-E type classifica- 
tions. In subsection 3.1 we prove general estimates on haploid algebras in modular tensor 
categories. In subsection 3.2 we show that the restriction to invertible simple subobjects 
gives rise to subalgebras. These subalgebras can be classified by the theory of algebras in 
theta-categories that we develop in subsection 3.3. In subsection 3.4 we show that isomor- 
phism classes of such algebras are classified by certain bihomomorphisms which we call 
Kreuzer-Schellekens bihomomorphisms . Finally, in subsection 3.5, we compute the modu- 
lar invariant torus partition function that results from such an algebra and show that it is 
of the form studied by Kreuzer and Schellekens. 

3.1 Simple algebras in modular tensor categories 

In this subsection we establish some estimates, involving the dimensions of simple objects 
in C, for quantities related to simple (in particular, to haploid) symmetric special Frobenius 
algebras in modular tensor categories. Some of these are similar to considerations in [¥T] . 
where they are formulated at the level of "modular data" rather than for modular tensor 
categories. They use some basic results from Perron-Frobenius theory (for a summary of 
Perron- Frobenius theory see e.g. chapter XIII of 3^), in particular 

^ A haploid special Frobenius algebra is automatically symmetric, see corollary 1:3.10. 
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Lemma 3.2 : 

Let R = (Rij) be an n X 72 matrix with non-negative real entries. Then the diagonal entries 
of R are bounded by the Perron-Frobenius eigenvalue App of R: App > maxi<j<„{Rjj}. 

Proof: 

Since the matrix R has non-negative entries, the diagonal entries (R'")m of its mth power 
are bounded below by (Ra)"^: (R™)m > (Rm)*". The eigenvalues of R"^, on the other hand, 
are powers (Aj)*" of the eigenvalues \j of R. So we have the inequality 

{R^^r < = X^IA,)'" < nA™ (3.3) 

k j 

for any i. If the entry Ka were larger than the Perron-Frobenius eigenvalue App, then for 
sufficiently large m the left hand side of ()3.3|) would surpass the right hand side. / 

A symmetric special Frobenius algebra A has only finitely many equivalence classes of 
simple left modules (see theorem 1:5.18); we select a set {M^} of representatives for these, 
labeled by k&J'. We now assume that A is haploid; then A is a simple left module over 
itself, and we choose it as one of the representatives, denoting the corresponding label 
in J by 0. We also introduce, for every iGX, the 1^7"! x 1^7"! -matrix Aj with entries the 
non-negative integers 

(A,)::' = ■.= dimcHom^(M. ® f/„ . (3.4) 

These matrices, which in conformal field theory yield the annulus partition function, are 
known to furnish a NIM-rep of the fusion rules (see theorem 1:5.20), and their eigenvalues 
are Si^m/ So^m] thus the Perron-Frobenius eigenvalue of Aj is given by dim(f/j). 



Proposition 3.3 : 

Let A be a haploid special Frobenius algebra in a modular tensor category C. Then 

dimcHom(f/, A) < dim(t/) (3.5) 

for every object U of C. 
Proof: 

Due to the semisimplicity of C it is enough to establish ()3.5|) for simple objects U = Ui 
only. For these one has the Frobenius reciprocity relation Hom(?7j, A) = Hom^(Ind/i(?7i), A), 
where Indyi(f/j) is an induced A-module, which as an object of C is A^Ui. Thus 

dimcHom([/, A) = dimc;HomA(lnd_A(f/i), A) = A^^ , (3.6) 

and by lemma EIH this integer is indeed bounded above by the Perron-Frobenius eigenvalue 
dim(f/i) of Ai. / 
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Remark 3.4 : 

(i) The result ()H.5|1 implies in particular that a simple current appears in a haploid special 
Frobenius algebra with multiplicity at most one. 

(ii) The result also implies that in a modular tensor category there are only finitely many 
equivalence classes of objects that can carry the structure of a haploid special Frobenius 
algebra. 

(iii) It can actually be shown (see formula (3.9b) of j^) that all entries of the matrix Aj, 
not only the diagonal ones, are bounded by dim{Ui): 

ktl < dim(f/,) (3.7) 

for alH G X and all k, k' G J". This can be used to obtain upper bounds on dim(cHom([/, A) 
when A is simple, but not haploid. For instance, using that A is isomorphic |21I to the 
internal End End(A) of A (regarded as a left module over itself) it follows that 

dimcHom(?7, A) < (dimc(Aop))' dim([/) , (3.8) 

where as in [I] by Atop we denote the C-algebra Hom(l, A). 

Next we wish to show that each object in a modular tensor category can be endowed 
with the structure of a haploid special Frobenius algebra in at most finitely many ways. 
To this end, we need the following result, which was first obtained in jl^] (see also a 
related estimate in 1(44.) with the help of Perron- Frobenius theory. The proof given here 
is of independent interest. We derive an upper bound for the multiplicities Zij = Zij{A) 
that appear in the modular invariant torus partition function associated to A. According 
to theorem 1:5.1, Zij can be expressed as the invariant of a certain ribbon graph in the 
three-manifold S^xS^, see formula (1:5.30); Zij can also be interpreted as the dimension of 
a space of A-bimodule morphisms between alpha-induced A-bimodules, see section 1:5.4. 
The interest of the estimate lies in the fact that it is independent of the choice of A and 
involves only data of the tensor category C. 

Lemma 3.5 : 

For A a simple symmetric special Frobenius algebra in a modular tensor category C, the 
integers Zij = Zij{A) satisfy 

Zij < dim{Ui) dim{Uj) . (3.9) 

Proof: 

(i) We start with the observation that 

dimcHom([/, V) < dim(f/) dim{V) (3.10) 

for any two objects U and V of a semisimple sovereign tensor category C. To see this, use the 
semisimplicity to write the objects U, V as direct sums of simple objects, U= ^i^x^y^i 
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and V = 0jgj ''^Y^i- Since dimensions are bounded below by 1, we have ^jgj nf < dim([/) 
and J2iei^Y — dim(V^). We thus obtain the estimate 



u V 
rq U j 



dimcHom(f/, V) = Y^ nfuf < ^ 

(3.11) 

= ( ^ ) ( ^ nj) < dim([/) dim(F) . 

(ii) We apply this result to the category Ca\a of A-bimodules, which is again a semisimple 
tensor category. Let us first explain that Ca\a is even a sovereign tensor category. If 
X = {X, p, p) is an A-bimodule, then the left action p of A on X can be used to define a 
right action of A on the dual object X^, while the right action p of A on X gives a left action 
on X^. Furthermore, using sovereignty of C one checks that the two actions commute, and 
hence one has an A-bimodule structure on X"^; in [II], this bimodule structure is denoted 
by X^, compare (11:2.40). The assignment Xi— i>X^, together with morphisms dj^ and 
hx that are analogous to those described e.g. in formula (3.51) of jlOl for the case of A- 
modules, furnishes a left duality of Ca\a] analogously one has a right duality. Finally one 
checks, by arguments similar to those in section 5.3 of [Sn], that this way Ca\a becomes a 
sovereign tensor category. 

Further, alpha-induction provides two tensor functors from C to Ca\a that preserve the 
dualities and thus the dimensions (provided that the tensor unit of Ca\a is simple, which 
is the case iff A is simple as an algebra). Combining this result with ()3.10|) . we obtain 

% =dimHom^|A(a^(f/,),aj"(f/^)) 

< dim^|A(aj(f/,)) dimA|A(aA (f^/)) = dim([/i) dim(L^j) , 
which establishes the estimate ()3.9p . / 

Recall from [I] that, by our conventions, the counit and coproduct of a symmetric 
special Frobenius algebra are normalized such that e ori= dim(y4) idi. 



Proposition 3.6 : 

(i) An object in a modular tensor category can be endowed with the structure of a haploid 
special Frobenius algebra in at most finitely many inequivalent ways. 

(ii) A modular tensor category admits only finitely many inequivalent haploid special 
Frobenius algebras. 

Proof: 

According to theorem 1:5.18 the number \J'\ of inequivalent simple left modules over a 
symmetric special Frobenius algebra A is given by Yli ^ni^)^ where t labels the simple 
object isomorphic to . When combined with the estimate (|3.9p . we thus have 

\J\ = 5^^n < 5^dim(f/,)' = Dim(C)^ (3.13) 
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Now according to corollary 2.22 of jTH]; for every (multi-)fusion category C the number 
of module categories over C with a prescribed number of non-isomorphic simple objects is 
finite. Thus let {A^^}, with {£} some finite index set, be a list of non-isomorphic module 
categories, each of which has at most Dim(C)^ simple objects. Every simple object in each 
category }Ai gives rise to a haploid algebra in C |24|. This provides us with a finite list 
{y4^^p} (with p labeling the isomorphism classes of simple objects in M.() of haploid algebras 
in C. Now take an arbitrary haploid special Frobenius algebra A in C. Then CA = M.e, for 
some value of £. Since A is haploid, it is simple as a left module over itself. Any simple 
object in A^^ isomorphic to A, regarded as a left module over itself, gives an algebra in C 
that is isomorphic (as an algebra) to A. Thus A is isomorphic to Ai^p for some p. Since 
the list {^£,p} is finite, this implies the finiteness assertions (i) and (ii). / 

3.2 Restriction to invertible subobjects 

We now study invertible objects in haploid special Frobenius algebras. We start with the 
Definition 3.7: 

(i) Writing an object f/ of C as a direct sum of simple objects f/j, 

^7-0r^,f/, = 0f/f"^ (3.14) 

we denote by Jo C / the subset containing those labels z e X such that Ui is an invertible 
object. The Picard subobject Pic(U) of U is defined as 

Pic{U) :=0nif/,. (3.15) 

(ii) An object f/ of C is called of simple current type iff U = Pic{U). 

(iii) The modular invariant torus partition function derived from a haploid special Frobe- 
nius algebra of simple current type is called a simple current modular invariant. 

(iv) We call a haploid special Frobenius algebra of simple current type a Schellekens alge- 
bra. 

Remark 3.8 : 

(i) Whenever it is convenient, we identify Pic{U) with an object of the Picard category 
Pic(C). 

(ii) Every simple algebra A of simple current type in C is Morita equivalent to a Schellekens 
algebra. Indeed, any such A is also a simple algebra in Vic{C) and hence, by general 
arguments, Morita equivalent (in Pic(C)) to a haploid algebra in Vic{C). That haploid 
algebra, in turn, is also an algebra in C, in fact a Schellekens algebra, and it is Morita 
equivalent in C to A. (The argument also shows that the interpolating bimodules of the 
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associated Morita context are of simple current type as well.) 

(iii) As we will see, with our notion of simple current type algebras we obtain precisely 
the modular invariants that were discussed in Thus the notion of a modular invariant 
of simple current type used here is more restrictive than the one given in pHj ES]. It is 
not known if modular invariants that are simple current invariants in the sense of , 
but not simple current invariants in our sense, can appear as torus partition functions of 
consistent conformal field theories. (A class of examples of modular invariants of this type 
that are definitely unphysical has been found in section 4 of 46 .) 

A construction similar to the one of definition I3.7n ) can be performed for any semisim- 
ple full tensor subcategory C of C. We refer to the object \J' in C associated in this way 
to an object [/ in C as the truncation of f/ to C . 

Proposition 3.9 : 

Let C be a semisimple full tensor subcategory of C. Let A! be the truncation of an object 
A&Obj{C) to C, and select embedding and restriction morphisms eGHom(A',A) and 
r G Hom(y4, A') such that r o e = icIa'- 

(i) If {A, m, 7]) is an algebra in C, then {A', r o mo [e® e),r orj) is an algebra in C (and in 
C). 

(ii) If C is a ribbon category and {A, m, rj, A, e) is a symmetric Frobenius algebra in C, 
then {A', r o m o (e C?> e), r o ry, (~^{r ® r) o A o e, o e) is a symmetric Frobenius algebra in 
C, for any CgC\ 

(iii) Let A and A' be as in (ii). Suppose that in addition A and A' are haploid. Then if A 
is special, so is A'. 

Proof: 

(i) Introducing bases in the relevant morphism spaces, the associativity property of the 
multiplication m takes the form given in (1:3.8). In that form, the associativity relations 
for A contain as a subset the associativity relations for A'. A similar statement applies to 
the unit properties. 

(ii) An analogous reasoning allows one to extend the result to symmetric special Frobenius 
algebras. 

(iii) From (ii) we already know that A' is a symmetric Frobenius algebra. To show that A' 
is special, by lemma 1:3.11 it is sufficient to verify that the counit e' of A' obeys e' = ^e'^ 
for some 7GC^, where e'^ is the morphism defined in (1:3.46). Since A' is haploid, the 
relation e' = ^e'^ holds for some 7 G C, so it remains to show that 7 7^ 0. Composing both 
sides of e' = ^e'^ with 77', on the right hand side we obtain 7dim(y4'). To establish that 
7 7^ we must check that the left hand side is non-zero. Now note that since both A 
and A! are haploid, we have e' = \e and Vj =\ri for some A, AgC^. It follows that 
e'or/' = AA£or^ = AA dim(A) ^0. / 

As a consequence of this result, the classification of Schellekens algebras in modular ten- 
sor categories amounts to classifying haploid special Frobenius algebras in theta-categories. 
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At the same time, such a classification fixes the algebra structure of a general haploid spe- 
cial Frobenius algebra on its simple current type subobjects. 

3.3 Algebras in theta-categories 

We start with a discussion of (associative, unital) algebras in theta-categories. The fol- 
lowing construction provides examples of algebras in the pointed category C{G,ip). We 
start with a closed three-cocycle & Z^{G,<C^) and a ?/^-trivializable subgroup H of G, 
with trivializing two-cocycle uj. This cocycle is, in general, not closed, so modifying the 
convolution product of the group algebra <CH by u according to 

bg bg' = m{hg (g) hg,) := uj{g, g') hgg, (3.16) 

does not, in general, yield an associative algebra C^jH, at least not in the category of 
vector spaces. However, since the violation of associativity is nothing but du! = ip and thus 
a closed three-cocycle, it can be canceled by simply changing the notion of associativity 
- i.e., by regarding C^i? as an object in the tensor category C(G, ■?/') of G-graded vector 
spaces with associativity constraint given by ip. The following lemma asserts that in this 
category the object 

€^H =: A{H, iu) e Obj{C{G, ^Ij)) (3.17) 

is in fact an associative algebra. By a slight abuse of terminology, we will still refer to 
twisted group algebra. 

Lemma 3.10 : 

Let G be a finite group. 

(i) For G Z^{G, C^), fix a ■i/'-trivializable subgroup H of G with trivialization u. Then 
the twisted group algebra <CujH = A{H, u) with product given by ()3.16|) is a haploid algebra 
in C{G,^). 

(ii) Any two trivializations of H differ by a two-cocycle on H. If the two-cocycle is a 
coboundary, the two associated twisted group algebras are isomorphic. As a consequence, 
the possible twisted group algebras for a given ip form a torsor^ over H^{H, C^). 

(iii) Setting 

^fe) '-=1^1^ u(ah-' h) ^3^-'®^^ e{hg):=\H\5g,, (3.18) 

' ' h&H ' ' 

turns A{H,uj) into a haploid special Frobenius algebra in C{G,iIj). 
Proof: 

The axioms can be checked by straightforward calculations. For example, associativity of 

^ Recall that a set 5 is a torsor over a group G iff there is a free transitive action of G on S. In 
particular, S and G are isomorphic as sets; but the isomorphism is not canonical. 
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A = A{H, uj) amounts to m o (id^ ® m) o aA,A,A = m o (m ® id^). Evaluating this relation 
on a basis element {bh^ (S> &/i2) ® ^fta gives 

uj{hi, hihs) uj{h2, hs) i;{hi, /12, h)~^ = uj{hi, /12) uj{hih2, h) , (3.19) 

which is equivalent to du{hi, h2, h^) = ip{hi, h2, h^). As another example, to estabhsh spe- 
cialness of A one must check that m o A{bg) = bg and e ori= dim(y4). This follows imme- 
diately when substituting the definitions ()3.1(jj) and ()3.18|1 . / 

Remark 3.11 : 

(i) As already pointed out, A{H,uj) is, in general, not an associative algebra in the cate- 
gory of vector spaces, since uj is in general not closed. 

(ii) There is again an equivalence relation: consider another three-cocycle ip' G Z^{G, C^) 
and two-cochain cj' G C^(if, C^) such that du' = ip'^^j . If ijj and tp' are coho mo logons, 
ip' = iljdri, then the categories C{G,iIj) and C{G,tp') are equivalent, and we identify them. 
If, moreover, there is a one-cochain x^C^{H,(C^) such that uj' = ur]\Hdx, then the two 
algebras A{H,uj) in C{G,ip) and A{H,uj') in C{G,ip') are isomorphic. 

(iii) Algebras in the category C{G,iIj) have also been considered in [37]. There, the Morita 
classes of twisted group algebras are studied. It is found that A{Hi,u!i) and A{H2,u!2) 
are Morita equivalent (i.e. have isomorphic module categories) iff the pairs {Hi, [uJi]) and 
{H2, [UJ2]) are conjugate under the action of G. 

In conformal field theory, only the Morita class of an algebra matters. Note, however, that 
in our applications pointed categories arise as Picard subcategories of modular tensor cat- 
egories C, and that the Morita classes with respect to C will in general be larger than those 
with respect to Vic{C). An example is provided by the critical Ising model, see remark 281 
below. 

For the proof of the next lemma, we introduce a basis choice that we will also use 
repeatedly in the sequel. 

Definition 3.12: 

Let D be a pointed sovereign tensor category equivalent to C{G, and A a haploid special 
Frobenius algebra in V. 

(i) The support H[A) of the algebra A is the subset 

H{A) ■={geG\ dimcHom(Lg, A) > 0} (3.20) 

of G. 

(ii) An adapted basis for A is the choice, for all g G H[A), of morphisms Cg G Hom(Lg, A) 
and Tg G Hom(A, Lg) that form bases of these morphism spaces that are dual in the sense [ I ] 
that TgO eg = id-Lg- For the unit element 1 = Li G H{A) we take ei=r] and ri = dim{A)~^e. 

Note that for each g G H{A), the morphism 

Pa ■= (^9°rg GEnd(A) (3.21) 
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is an idempotent. To make the connection with the notation in [I], let us present exphcitly 
the product and coproduct on A{H,u), using the notations of (1:3.7) and (1:3.82). One 
finds 

mj' = coig, h) and A^,' = (dim(A) uj{g, h))'' . (3.22) 

The last expression can also be obtained from (1:3.83), noting that via il'\H = duj it is 
possible to express the F-matrix elements in (1:3.83) in terms of ut. 

Lemma 3.13 : 

Let V he a theta-category equivalent to C{G, ip, Q) and A a Schellekens algebra in T>. 

(i) For each simple object Lg of V the dimension of the morphism space Hom(Lg, A) is 
either zero or one. 

(ii) The support H{A) is a subgroup of G. 

(iii) Choose an adapted basis for A. For all g,hE H{A) we have Vgh o m o (e^ ® e/t) 7^ and 
{rg <^rh) oAo Cgh ^ 0. 

Proof: 

(i) We already know this result for every theta-category that is the Picard category of a 
modular tensor category. Here we give a proof that does not rely on modularity. 

Using Frobenius reciprocity, we have 

RomA{A®Lg,A^Lg) = }lom{Lg, A® Lg) = C, (3.23) 

where the second equality comes from the fact that the only subobject of A that contributes 
is the tensor unit, which appears in a haploid algebra with multiplicity one. This shows 
that all induced A-modules A® Lg are simple. Again by Frobenius reciprocity, we have 

Hom(Lg, A) = RouiAiA ® Lg, A) , (3.24) 

which as the space of intertwiners between simple A-modules has either dimension zero or 
dimension one. 

(ii) Frobenius algebras in sovereign tensor categories can only be defined on self-conjugate 
objects (see e.g. lemma 3.3 of |39j). Since the conjugate of Lg is isomorphic to Lg-i, this 
implies that H{A) is closed under inverses. 

Now choose an adapted basis for A. Suppose that g,hEH{A), but gh^ H{A). Then 
mo [cg^ Ch) = 0. Associativity of the multiplication m of A then implies that 

= (m o (m ® id^)) o (e^, ® e/^ ® e^-i) = ® ( dim{A)~^e omo{eh® e^-O) ■ (3.25) 

in Hom(Lg(S) Lft® L/1-1, y4). For a Frobenius algebra, eom is non-degenerate, and hence 
£ o m o (e/i ® e/i-i) is non-zero. Furthermore, Cg is non-zero by construction. This is a 
contradiction; hence gh& H{A). 

(iii) By an analogous argument as in (ii), using now also directly the Frobenius property of 
A, assuming that mo {cg® et) = leads to a contradiction. For the coproduct one repeats 
the argument using coassociativity. / 
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Proposition 3.14: 

(i) Let V he a. theta-category equivalent to C{G, ip, Q), and A a haploid special Frobenius 
algebra in V. Then A is isomorphic to one of the twisted group algebras A{H{A),uj). 

(ii) A Schellekens algebra in a modular tensor category C is characterized by a subgroup 
H in the effective center Pic°(C) and a trivialization of the associativity constraint on H. 

Proof: 

(i) We select bases gbh of Hom(Lg(8) Lh, Lgh) as in ()2.4|) and define uj{g, h) by 

Tghomo {eg®eh) =■■ uj{g,h) ghh. (3.26) 

From lemma l3.13r iii) we know that uj{g,h) is non-vanishing for all g,h&H{A). Since A 
is an algebra, we have m o (id^ (g) m) = m o (m ® id^). Evaluating both sides in an adapted 
basis gives 

(3.27) 

The two basis elements of Hom(L/jj(g)i^/j2<S)-L/i3, L/ii/ja/ig) are related by 

hMh, o {idL„^(^ h2bh,) = -^{hi, h2, hih2bh, ° UA^^idL,,^) . (3.28) 

Thus the associativity of the multiplication implies that uj trivializes ip on the support 
H{A). 

(ii) follows immediately from (i). / 

Recall from remark l^. 211^ 11) that the effective center Pic°(C) is, in general, not a subgroup 
of Pic(C), but only a subset. When, as in proposition I3.14r ii) above, we talk about a 
subgroup in Pic°(C), we mean a subset of Pic°(C) that is closed under multiplication, and 
as a consequence is a subgroup of Pic(C). 

3.4 Kreuzer- Schellekens bihomomorphisms 

Different trivializations of the same subgroup H of the effective center that differ by an 
exact two-cochain give rise to isomorphic Schellekens algebras. In order to describe (and 
classify) isomorphism classes of Schellekens algebras we need at tool that allows us to 
take care of this. This tool is provided by the notion of a Kreuzer-Schellekens bihomo- 
morphism that is introduced in the present subsection; it constitutes an analogue of the 
description of ordinary twisted group algebras of abelian groups in terms of alternating 
bihomomorphisms. 
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Definition 3.15 : 

For G be a finite abelian group, an alternating bihomomorphism on G is a bihomomorphism 



C : G X G ^ (3.29) 

such that ({g, g) = 1 for all gEG. 

Note that ^(s', S') = 1 for all g&G implies that C,{g, h) = ({h, g)^^ for all g,hEG, but 
the converse implication is not true. We also have 



Lemma 3.16 : 

The alternating bihomomorphisms on a finite abelian group G form an abelian group 
AB(G,C^). The map 

i/2(G,C^) ^ AB(G,C^) 

M ^ C with a9,h):=^^ ^2-2°) 

furnishes an isomorphism of abelian groups. 

For abelian groups, this fact provides a convenient characterization of isomorphism 
classes of twisted group algebras by their commutator two-cocycles as defined in ()A.7|) . 
We would like to have an analogous characterization of Schellekens algebras in modular 
tensor categories. The trivializing two-cochain, however, is in general not closed, so we 
cannot use an alternating bihomomorphism. The appropriate generalization is provided 
by the following 

Definition 3.17: 

Let if be a subgroup in the effective center Pic°(C) of a ribbon category. A Kreuzer- Schel- 
lekens bihomomorphism (or KSB, for short) on if is a (not necessarily symmetric) biho- 
momorphism 

S: HxH^C" (3.31) 
which on the diagonal coincides with the quadratic form S introduced in ()2.13p . 

E{g,g) = 6{g) = eg for all geH. (3.32) 



Lemma 3.18 : 

For any Kreuzer- Schellekens bihomomorphism on a subgroup H in Pic°(C) we have 

Eig,h)E{h,g) = f3{g,h) (3.33) 
for all g,h&H, with f3 the bihomomorphism (|2.16p associated to S. 
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Proof: 

Using first the definition of (3, tlien the property ()3.32j) and then the bihomomorphism 
property of S one finds 



(3{g,h) =S{gh)6{g)-'6{h) 



-1 



E{gh,gh)E{g,g) ^E{h,h) 



1 



E{g,h)E{h,g) 



(3.34) 



for all g,hGH. 



Remark 3.19 : 

(i) Two KSBs on the same subgroup H in the effective center differ by an alternating 
bihomomorphism on H. Thus if there exist KSBs on H at all (which is indeed the case, 
see remark [3.211 below), then they form a torsor over H'^{H,<C^). In particular, since 
if^(Z„, C^) = 1, KSBs on any cyclic subgroup in the effective center are unique. 

(ii) Following the terminology in the physics literature |5m lTB] we also call the choice of a 
KSB for a given subgroup H a choice of "discrete torsion" . 

(iii) There also exists an alternative description of KSBs, due to Kreuzer and Schellekens 
[TT)] . which makes use of a presentation of if as a direct product of cyclic groups. This is 
described in appendix iBl 

Now let A be a Schellekens algebra in C and fix an adapted basis for A. The following 
endomorphism of Lg is a multiple of the identity morphism: 



where E^ is a two-cochain on H{A). (This is essentially formula (9) of ,1^.) Note that by 
taking the trace of (j3.35|) . moving the multiplication morphism past the comultiplication 
with the help of the Frobenius property, and slightly deforming the resulting ribbon graph. 




id 



Lg , 



(3.35) 
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one arrives at the following alternative expession for 'E.a'- 



dim(y4) 






(3.36) 



Thus we have 

EA{g,h) = dim(A)tr(mo(p^(g)pft)ocA,AoA) . (3.37) 

Using the expression ()3.22p for the product and coproduct of A, it is easy to evaluate 
dnSZI); we find 



1 uj{g,h) 



n{g,h) uj{h,g) ' 



(3.38) 



Thus Ea is the generalization to the braided setting of the concept of commutator cocycle 
i^comm, which characterizes isomorphism classes of finite abelian groups, see lemma IH.161 
Specifically, we have 




'^A{h,g) 



(3.39) 



A A 



as follows immediately from the formulas (j3.22p and (j3.38p . 



Proposition 3.20: 

(i) The two-cochain Ea defined by ()3.35|) does not depend on the choice of adapted basis. 

(ii) Isomorphic haploid special Frobenius algebras have identical two-cochains. 

(iii) The two-cochain Ea is a KSB on H{A). 

Proof: 

(i) and (ii) are trivial to check. 

(iii) The defining property ()3.32p of a KSB follows from ()3.38|) when stetting h = g, together 
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with ()2.14j) . It remains to be shown that is a bihomomorphism. 
We first show that for a Schellekens algebra, one has 

m o (pfei o A = ^. ph,h2 (3.40) 

for any two elements hi and /12 in the support of A. To see this, we notice that the two 
morphisms live in the same one- dimensional subspace of End(y4) and are thus proportional. 
We compute the constant of proportionality by taking the trace. For the right hand side, 
we find 

= dim(L,,,;,J = . (3.41) 

The trace of the left hand side is computed graphically: 




(3.42) 



Here the second equality employs the fact that A is Frobenius. In the third identity it is 
used that in the middle A-ribbon only the tensor unit propagates. Using the relation ()C.2|) 
between ei and ri and the unit and counit morphisms one obtains the last identity. The 
last graph is equivalent to 

dh^r(l) dim(L;,J dim(L^J = . (3.43) 

This shows ^M)- 
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We can now compute 

EAihi,g) EAih2,g) 

(dim(A))2 ^ ^« 





1 



dim(yl) 




where for the second equahty we used moves similar to those in (1:5.36); the third step 
amounts to ()3.4Up . Thus is a homomorphism in the first argument. 

To show that is also homomorphism in the second argument, note that from the explicit 
form together with and (ETTj) . it follows that 



EAig, h) E^ih, g) = {n{g, h)n{h, g)) ' = Pig, h) . 



(3.45) 



Thus E^ig, h) = P{g, h)/EA{h, g). Since is a bihomomorphism and Syi(/z., g) a homomor- 
phism in the first argument, it follows that ^^(gf, h) is a homomorphism also in the second 
argument. / 



Remark 3.21 : 

Part (iii) of the proposition implies in particular that there does exist a KSB on H[A). 



Proposition 3.22 : 

Two Schellekens algebras with identical support are isomorphic as Frobenius algebras if 
and only if they have the same KSB. 
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Proof: 

That two isomorphic Schellekens algebras have the same KSB was already established in 
proposition 13.201 It remains to show the converse. We have seen in lemma 13.101 that two 
multiplications on A differ by a two-cocycle 

7: HxH^C". (3.46) 

When the product is changed by 7, according to ()3.38j) the KSB changes by the commutator 
two-cocycle of 7, 

EAig,h) ^ EAig,h)^^^. (3.47) 

Now the isomorphism classes of haploid special Frobenius algebras with H{A) = H form 
a torsor over H^{H, C^), while the KSBs form a torsor over the alternating bihomomor- 
phisms. According to lemma lH.16l the two groups are isomorphic, H'^{H, C^) = AB{H, C^), 
and equation ()3.30|) shows that the map [A] 1— »• is a morphism of torsors over the group. 
A morphism of torsors, in turn, is, as a map of sets, both surjective and injective. / 



Remark 3.23: 

From [I, II] we know that a symmetric special Frobenius algebra defines a full CFT on 
oriented world sheets with or without boundary, while to define a full CFT on unoriented 
and possibly non-orientable surfaces with or without boundary we need a Jandl algebra. 
The notion of a Jandl algebra was introduced in definition 11:2.1; it is a symmetric special 
Frobenius algebra together with a morphism a G Hom(A, A) obeying 

aoa = 6A and a om = mo ca,a° {cr ® cr) ■ (3.48) 
A morphism a with these properties was called a reversion. 

Given a Schellekens algebra A, we can ask what reversions, if any, can be defined on A. 
To express ()3.48p in a basis, we define a{h) gC for hEH{A) via a{h)idL^ ■.= rhO a o Ch- 
Applying (11:2.21) we find that ()3.48|) is equivalent to having 

a{gf = Og and a{gh) uj{g, h) = a{g) a{h) uj{h, g) n{h, g)-' , (3.49) 

for all g,h&H{A). Recalling also the expression ()3.38|) for the KSB, we can rewrite the 
second equality as 

-^^^ = EAih, g) = EA{g, h) , (3.50) 
a[g) a[h) 

where the second step follows from the fact that, by the first equality, the KSB is sym- 
metric. This shows in particular that a reversion can only be defined for Schellekens 
algebras with symmetric KSB. By the bihomomorphism property of the KSB we have 
EA^g^g^^) ='E:A{g,g)^^ = 0^^, so that when evaluating condition ()3.50|) for h = g^^ we get 
a{g) o-{g^^) =0g. Together with the first equality in ()3.49|) this implies that a{g) = a{g^^), 
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i.e. cr is a quadratic form on H{A). 

Given a Schellekens algebra A, the above considerations show that the following two state- 
ments are equivalent: 

i) 0" is a reversion on A; 

ii) cr is a quadratic form on H{A) such that its associated bihomomorphism equals the 
KSB of A, (3„ = Ea. 

Since by proposition 13.221 the KSB determines a Schellekens algebra up to isomorphism, 
a quadratic form cr G QF(-?/, C^) with a{gY = 9g on some subgroup H in the effective 
center Pic°(C) defines a Schellekens- Jandl algebra with support H up to isomorphism. 
Distinct quadratic forms (jGQF(-ff, C^) satisfying a{gy = 6g give rise to non-isomorphic 
Schellekens- Jandl algebras on H. In summary, for a given subgroup H C Pic°(C) in the 
effective center of the category C we have: 

■ The isomorphism classes of Schellekens algebras with support H form a torsor over 

■ The isomorphism classes of Schellekens- Jandl algebras with support H are in bijection 
with the subset {a e C^{H, C^) | a{hf = Oh for all h G H}. 

■ Different Jandl-structures on one and the same Schellekens algebra A form a torsor over 
if^(if(74), Z2), i.e. differ by a character of the support that takes its values in {±1}. 

3.5 The modular invariant torus partition function 

In [ I ] it has been shown that every haploid special Frobenius algebra provides a modular 
invariant torus partition function 



where the non-negative integers Zij are defined as the invariant of the ribbon graph in 
(1:5.30). As announced in [T] (and to be proven rigorously in a separate publication), every 
such modular invariant is physical in the sense that it is part of a consistent collection of 
correlation functions on oriented world sheets of arbitrary topology. Thus in particular 
every simple current modular invariant is physical. (Recall that our notion of simple 
current invariant is different from the one of pSl l45j : invariants of the latter type may be 
unphysical, compare remark IXST iii) above.) 

To obtain explicit expressions for the integers Zjj, the notion of a monodromy charge 
(see remark I2.15|) must be extended to arbitrary simple objects. Note that when f/ is a 
simple object of C, then so \s Lg®U for any g G Pic(C). 

Definition 3.24: 

Let [/ be a simple object in a modular tensor category. 

(i) The exponentiated monodromy charge of U is the one-cochain xu 011 Pic(C) defined by 




(3.51) 



(3.52) 
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(ii) For any object X of C and any g we abbreviate the tensor product of Lg and X 
hygX: 

gX:=Lg®X. (3.53) 

In this way, the Picard group Pic(C) acts on isomorphism classes of objects (but not on 
objects, in general). 



Remark 3.25 : 

Recall the description of the modular matrix S in terms of an invariant of the Hopf link in 
5*^, compare e.g. formula (1:2.22). It follows directly from the definition of Xu that 




The importance of this relation is known since the early days of simple current theory P)!^ . 



Proposition 3.26: 

(i) The exponentiated monodromy charge xu is a one-cocycle. 

Since Pic(C) is abelian, we can thus regard xu as an irreducible character on the group 
Pic(C): 

Xt/ePic(C)*. (3.55) 



(ii) The exponentiated monodromy charge can be expressed in terms of the twists as 

XuM=0a^07/^r\ (3.56) 

It obeys XuXd) = Xu^d'^) all iel and ge Vic{C). 
Proof: 

(i) The statement is a direct consequence of the definition, applied for g = gig2, and ten- 
soriality of the braiding, together with the fact that Lg^^g^ is isomorphic to Lg-^ ®Lg^. (At 
intermediate steps an isomorphism between Lg^g^ and Lg-^ ® Lg^ must be chosen, but the 
result does not depend on that choice.) 

(ii) The first statement is a consequence of the compatibility condition ()2.19|l between 
braiding and twist, applied to the simple objects Lg and U. That XuAd) =XUj{9~^) then 
follows from the fact that dual objects have identical balancing phases, according to which 
Og-H = (^gi (because {Ug-i^Y = Ugi), 6i = 6^ and 6g = Og-i. / 
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We are now in a position to express the modular invariant partition function given in 
(1:5.30) more explicitly. When writing A as a direct sum, 

A = L,, (3.57) 

geH(A) 

we obtain (the ribbon graphs below are embedded in 5*^ x 5*^, with the vertical direction 
being the S^, so that top and bottom are identitfied) 



'13 




g,h&H(A) 



A Ui 




Ui 



gMH{A) 



Ui 




Ui 



Ui 



di^(A) ^ Xu,{h)EA{h,g)dim(ciiom{U,^Lg^Uj,l) 

g,h(iH(A) 

dW(A) 5Z Xu,{h)EA{Kg)5j,gi. 



g,h&H{A) 



(3.58) 



33 



We have thus arrived at the 
Theorem 3.27: 

The modular invariant torus partition function for a Schellekens algebra A is given by 

%(^) = \HlA)\ Yl 3) hgi ■ (3-59) 

g,h&H{A) 

Note that this is the charge conjugate of the partition function given in [THj . 
Remark 3.28: 

It can happen that non-isomorphic Schellekens algebras are Morita equivalent and thus 
give equivalent full conformal field theories. In particular, they can give rise to identical 
torus partition functions. A simple example appears in the Ising model: the haploid special 
Frobenius algebra A = l®e built from the primary field e of conformal weight 1/2 is Morita 
equivalent to the trivial algebra, since A = a'^®a with a the primary field of conformal 
weight 1/16. 

For an algebra in a braided tensor category, there are the notions of a left and of a right 
center The following statements already appear in JH]; but we rephrase them 

in our terms. 

Proposition 3.29: 

Let A be a Schellekens algebra with support H C Pic°(C) and KSB S^. Consider the two 
subgroups 

Kr{A) := {g & H \ ■ ,g) is the trivial if-character} , 

Ki{A) := {g eH \ 'E^^ig, ■ ) is the trivial iJ-character} 
of H. Then we have: 

(i) The left and right center of A are, respectively, the commutative symmetric Frobenius 
subalgebras of A that are defined on the subobjects 

Ci{A):= Lg and Cr{A) := Lg . (3.61) 

(ii) A is commutative if and only if = 1. 
Proof: 

(i) By proposition 1:5.9, the left and the right center are the subalgebras on the objects 

Ci{A) = ^ZM and a(A) = 0^ojf/,. (3.62) 

« 3 

Due to the form of the modular invariant partition function, only invertible objects can 
appear. Moreover, from the forms ()3.59|) and ()3.58p of the partition function one computes 
that ^ ^ 

^og = 2yi(/i, g) and ^9^ = TJj\Y -^(d, h) , (3.63) 

' ' heH ' ' heH 
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respectively. Invoking also the orthogonality of characters, this proves the statement, 
(ii) An algebra is commutative iff it coincides with both its left and its right center. / 

Corollary 3.30 : 

The structure of a commutative Schellekens algebra can be defined precisely on those 
subgroups in Pic°(C) on which both the monodromy charge and the twist are identically 
one. Furthermore, any two commutative Schellekens algebras A and A' with H{A) = H{A') 
are isomorphic. 

Proof: 

The claim follows from the defining properties ()3.32|1 of a KSB. Uniqueness holds because 
the KSB determines the algebra up to isomorphism. / 

Remark 3.31 : 

(i) In the physics literature, integer spin simple currents (i.e. simple currents Lg with 
6g = l) such that j3=l are called mutually local. Thus the structure of a commutative 
algebra can only be defined on mutually local integer spin simple currents. 

(ii) If C is the category of representations of a rational vertex algebra 21, the results of |E2l 
(see also theorem 4.3 in [HS]) imply that there exists an extension of 2t as a vertex algebra 
whose representation category is equivalent to the category of local A-modules in C for 
a suitable simple symmetric special Frobenius algebra A in C. (For the definition of the 
qualification 'local', see and definition 3.15 of PUJ.) 

(iii) On the level of partition functions, the relation between mutually local simple currents 
and extensions is well-known since the early days of simple current theory j2] (see also |1] 
for the case of cyclic groups) . 

4 Modules and boundary conditions 

In this section we develop the theory of left modules over a Schellekens algebra in a modular 
tensor category C. Our main motivation to study the representation theory of Schellekens 
algebras is the fact that modules correspond to conformally invariant boundary conditions 
that respect the chiral symmetry encoded in C. This allows us in particular to prove the 
formula for boundary states that has been presented in ^7] and that summarizes and 
generalizes earlier work [56jl57p58| l59j. In the case of a commutative Schellekens algebra A, 
there is an additional reason for the study of modules: one can show that the process of 
forming the subcategory of local left modules over a commutative Schellekens algebra - in 
physical terms, a simple current extension - precisely corresponds to the modularisation 
procedure of [Un|l^ and thereby provides a representation theoretic origin for the S-matrix 
formula for simple current extensions that was obtained in |62j . 
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4.1 Stabilizers and basis independent 6j-symbols 



We start with the 

Definition 4.1 : 

Let U be an object in C. 

(i) The stabihzer of the action of Pic(C) on the isomorphism class of U is denoted by 
S{U). Following the physics literature, we say that f/ is a fixed point of the simple current 
Lg iSgeSiU). 

(ii) Given a Schellekens algebra A, we denote by Sa{U) the intersection of the stabilizer 
with the support of A, Sa{U) ■.= S{U) n H{A). 

(iii) Let the object U be simple. For every g G S{U) we fix bases gb{U) G Hom(Lg ® U, U) 
and bg{U) G Hom(f/ Lg, U). For g = e, we take (using strictness) eK^) = ^e(f^) = idu- We 
denote by g6(f/) G Hom([/, L^® [/) the morphism dual to gb{U) (which by definition satisfies 
bg{U) o gb{U) =idi/, compare equation (1:2.30)). 

(iv) Let U be simple. The two-cochain (j)u on S{U) is defined by 

u u 




Once we select the morphisms gb{U) and bg{U) as bases for the respective morphism 
spaces, the relation ()4.H) is just the definition of an F-coefficient, namely (puid-, h) = ^ujj'^^'^, 
compare formula (1:2.36). 



Proposition 4.2: 

Let U he a simple object of C. 

(i) The stabilizer S{U) is a subgroup in Pic°(C). One has 9g G {±1} for all g G S{U). The 
union of the stabilizers of all simple objects of C is a subgroup in the effective center Pic°(C). 

(ii) The two-cochain 4>u{g, h) does not depend on the choice of the bases b. It is a biho- 
mo morphism on S{U). 

Proof: 

We start by showing that Og = l for every g&S{U). For gES{U) the equality ()3.56|) 
simplifies to Xu{g) = ^- ^^e other hand, 

xu{g)-' = xu{g-') = e-\ = e-\ (4.2) 
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where we used the fact that xu is a character and that dual objects have the same twist. 
Multiplying the last two equations shows {OgY = 1- In other words, only half-integer spin 
simple currents can have fixed points. 

Next we establish that S{U) is a subgroup in Pic°(C). Clearly, S{U) is a subgroup of 
the Picard group Pic(C). To see that it is also a subset of Pic°(C), by corollarv 12.181 it 
is sufficient to show that {Og)^^ = 1 for all g G S{U), where Ng is the order of g. If A^^ is 
even, then this equality follows from 6g = l. For Ng odd we just invoke remark r2.2ir iii). 
according to which all simple currents of odd order are in Pic°(C). 

(ii) That (puid, h) is independent of the choice of basis holds because all morphism spaces 
in question are one- dimensional so that one can only modify the basis elements by non-zero 
constants. Since the same basis elements gb{U) and bh{U) appear on both sides of ()4.1|1 . 
these constants cancel from the definition of (puig, h). 

To see that (f)u{g,h) is a bihomomorphism, introduce (basis dependent) elements of the 
fusing matrix by 

u 




--: iplj{hi,h2 



(4.3) 



U L, L. 

hi h2 



U L, L. 

hi h2 



(where on the left side the short-hand bh-^h2 fo^' bh^hJJJ) is used). Similarly we define 
constants 4'u{gi,g2) via 



gXU) O {idL,^® g,b{U)) = ^U9l,92) g,gAU) O {g,bg,®idu) . 



(4.4) 



In terms of F-matrix entries this amounts to ipij{g, h) = F^^^^""^ and ipij{g, h) = F^f^^^""^. 
Applying the pentagon identity (see appendix lC.2|) to the tensor product Lg®U ® Lh^ L/^^ 
gives 

Vuih, (l)uig, h2) (puig, hi) = (j)uig, hih2) Vuih, , (4.5) 

from which it follows that (f)u is a homomorphism in the second argument. Similarly, 
evaluating the pentagon for L^^ ® Lg^ ®U ® Lh results in 

0c/(^2, h) (j)u{gu h) iphigu 92) = -ipuiSi, 92) (pu{9i92, h) , 
thus also establishing the homomorphism property in the first argument. 



(4.6) 
/ 



An important aspect of the bihomomorphism (pu is that it can be computed from 
matrices that are related to modular transformations (and for which an explicit formula 
has been conjectured, see remark 1^7^ below) . In the sequel we will discuss some properties 
of these matrices. 
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Definition 4.3 : 

Let g G Pic(C) and Ui, Uj be simple objects of C. Then Sf^ is the bihnear pairing 

§1^ : Hom(Lg® f/„ Ui) ®c Hom([/„ f/,® L^) ^ C (4.7) 

with 




for a e B.om{Lg^ Ui, Ui) and /3 e liom{Uj, Uj® Lg). 
Proposition 4.4 : 

Let Ui be a simple object of a modular tensor category C and let g,h E S{Ui). 

(i) There exists a j G X such that (7 G S{Uj) and S^^- 7^ . 

(ii) Let j be any element of I such that Sf j 7^ . Then 

M9,h)=Xu,ih)-\ (4.9) 

(iii) We have 

M9.9)=0s^{±^- (4.10) 

Thus 0(7^ is a KSB on S{Ui). In particular, if for all g G iS(f/j) the twist of Lg is the identity, 
then (pu- is an alternating bihomomorphism. 

(iv) We have 

(l>uA9,h)(f)uXh,g) = 1 and (puX9,h) = (j)u-{h, g) . (4.11) 

Proof: 

(i) Let Fg be the subset of X consisting of all /cgX such that gES{Uk)- Consider the 
I I X I I -matrix M with entries 

for i,j G Fg. This matrix is invertible. In fact, it is related to a change of basis in the space 
li.{Lg, T) of conformal blocks for a torus with one L^-insertion. We will not present the 
details of the proof, but just describe the two bases. 

The elements of the first basis are \Xm] Lg, T) for mE Fg. The vector \xm] Lg, T) is given by 
a solid torus with an inscribed ribbon labeled by Um similar to (1:5.15), together with an 
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additional ribbon labeled by Lg that connects the boundary of the solid torus to the Um- 
ribbon. The Um- and L^-ribbons are joined by the morphism gh{Um) G Hom(Lc, ® Um, Um)- 
Suppose that in the solid torus defining \xm] Lg,T) , the a-cycle of the torus T is con- 
tractible. Then the second basis is of the same form as the first, but this time the solid 
torus is chosen such that the 6-cycle of T is contractible. 

Since the matrix M is invertible, for any g G S{U.i) there exists a j G -F^ such that M^- 7^ 0. 
Thus for each g ES{Ui) we can find a j G X such that S^j 7^ 0. 

(ii) Let 7 G Hom(?7j, Ui®Lh) and 7 G Hom(?7j®L/i, Ui) be any two dual isomorphisms. Con- 
sider the move 




(4.13) 



which makes use of the (basis independent) 6j-symbol defined in (j4.H) . Next use the fact 
that 7 and 7 are dual morphisms to rewrite the left hand side of ()4.13|) as 




(4.14) 



Here we made use of the defining property ()3.52j) of the exponentiated monodromy charge. 
The equality of (j4.13p and (j4.14|) now amounts to 4>Ui{9, h)~^ §fj(a®/9) = XUj{h) §fj{a^P). 
By assumption the index j GX has the property that Sfj(Q;®/9) 7^0 for non-zero a and /?; 
this establishes the claim. 

(iii) By (i) we can find j gX such that Sfj 7^0. By (ii) we then have (j)jj^{g,g) =XUj{g)- 
Further, since gES{Uj), the expression ()3.56|) for the exponentiated monodromy charge 
reads XUji.9) =^g^- Finally, 9g takes values only in {±1}, by proposition I4.2r i) . That (pu^ 
is a KSB then follows by proposition 14.2^ 11). 

(iv) By lemma IH.18I the KSB (pij. satisfies (j)if.{g, h) (j)if.{h, g) = i3{g, h) =9gh/ {9g9h) for all 
g,h& S{Ui). By proposition 13.261 the monodromy charge XUi is a character of Pic(C). By 
fl3.56|) . for g,hES{Ui) the property XuAgh) =XUi{g)xu^{h) of the character xu^ implies 

9gh = 9g9h. 
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Further, the definiton of (pu in ()4.H) imphes that, for simple [/, 

gh{U)o{idL,(^hh{U)) o {'gb(U)®idL,) obJU) = M9,h)idu. (4.15) 

Taking duals of both sides and invokng basis independence of the morphisms (pu then im- 
plies (pu^^ {h~^ , g~^) =4>uig,h). Setting now U = Ui and using the bihomomorphism prop- 
erty of 4>u- results in (pUi {g, h) = (pu-ih, g) . / 



Remark 4.5 : 

(i) It is conjectured in [62j that for modular tensor categories arising from WZW confor- 
mal field theories, the bilinear pairing ()4.8|) can be computed using the theory of twining 
characters [OnilM]- For the case of simple current extensions of WZW theories, see . 
The relevant numerical data have been implemented in a computer program kac by Bert 
Schellekens [HH] . 

(ii) The bihomomorphisms (pu were originally introduced [U?] through the identity ()4.9j) . 
Implicit in the discussion in [^2] is the use of a distinguished class of bases of the morphism 
spaces Hom(Lg(8) ?7, t/); for a discussion of those bases see [HZI and the considerations pre- 
ceding definition 14.111 below. 

(iii) By a calculation similar to (11:3.107), one computes the invariant for ()4.8|) for the basis 
morphisms (as in (j4.12p ) to be 

Sf,,(.Kt^.)®Mf^) = EE^F(^S'"dim(f/J. (4.16) 

mGJ a=l * ^ 

Suppose now that there exists a choice of basis in the spaces Hom(f/j ® Uj, Uk) such that 
all F-matrix entries are real numbers. This is e.g. possible in all Virasoro minimal models 
(including the non-unitary ones) and in rational unitary WZW models. 
Using in addition that in a modular tensor category the twists are phases (compare footnote 
EJ, the complex conjugate of ()4.16|) is found to be 

where Sf^ is defined analogously as ()4.8|1 . but with the two braidings replaced by inverse 
braidings. By rotating the [/^-ribbon in ()4.8|1 by 180° about a horizontal axis, one then 
verifies that ^ 

2>l^{a®P) = %lla®P) (4.18) 

for a suitable morphism (3 G Hom(L'j, Uj® Lg). 

Combining the formulas ()4.17|) and ()4.18|) we conclude that if $1- is non-zero, then so is 
Sfj. For a given i gX and g G S{Ui) now choose j GX such that Sf^ is non- vanishing, as 
is possible according proposition I4.4r i) . Thus also Sfj is non-zero, and proposition 14.4^ 11) 
then implies 

4>uA9,h) = XuAh)'' = XUjih) = M9,h-') , (4.19) 
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where the second step uses proposition I3.26r ii). Thus 0;7.((yf, /i)^ = 1, and together with 
proposition E3tiv) we find that if all F-matrix entries of C can be chosen to be real, then 

<PuX9,h) = <PuAh,9)e{±l}. (4.20) 

4.2 Representation theory of Schellekens algebras 

With the help of the basis independent 6j-symbols we can now develop the representation 
theory of Schellekens algebras. For a symmetric special Frobenius algebra in a modular 
tensor category, every module appears a submodule of some induced module. Thus we 
first have a look at induced modules. 

Lemma 4.6 : 

Let A be a Schellekens algebra with support H and KSB S^. 

(i) The induced A-modules lndA{U) and Ind4(l^) for two simple objects U, V are isomor- 
phic iff U and V are on the same orbit of the action of H on isomorphism classes of objects 
of C. If they are not on the same orbit, then they do not contain isomorphic submodules. 

(ii) As an object of C, the induced module of a simple object U decomposes as 

IndAiU) = \Sa{U)\ gU. (4.21) 

[9]eH/SA{U) 

Proof: 

(i) The statements immediately follow from reciprocity (see e.g. proposition 1:4.12) 

dimcHomA(IndA(f/), lndA{V)) = ^ dimcHom(?7, gV) . (4.22) 

(ii) We have 

A®t/^0/i[/^0 ghU. (4.23) 

hen [g]eH/SA{u) h&SA{U) 

The /i-summation amounts to an overall multiplicity |iSi4(t/)|. / 

The induced module for an object U is thus, in physics terminology, the corresponding 
simple current orbit with a multiplicity given by the order of the stabilizer Sa{U). This 
does not, however, imply, that the induced module decomposes into |i54(f/)| many irre- 
ducible modules. The remaining part of the representation theory is then to decompose 
the induced modules into simple modules. In physics terminology, this step is known as 
fixed point resolution. The essential information is contained in 
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Proposition 4.7: 

Let U G Obj{C) be simple. The algebra of module endomorphisms of the induced module 
IndA^U) is a twisted group algebra over the stabilizer Sa{U), 

EndA(Ind^(f/)) = C/3,,^6k(f/) , (4.24) 

for some two-cocycle Pu,a- The cohomology class [Pu,a] ^ H^iSA{U),'C^) is described by 
the alternating bihomomorphism 



(4.25) 



with as defined in (j3.35|) . 
Proof: 

By reciprocity, the algebra Endyi(Ind^(f/)) is isomorphic as a vector space to a morphism 
space in C: 

EndA(IndA(f/)) = Hom(f/, A®U). (4.26) 

The associative product on the latter space inherited from the product on EndA(IndA(f/)) 
is as follows: for 0i, 02 ^ Hom(f/, A®U) we have 

A u 




(4.27) 



Note that this product depends on the product on the Frobenius algebra A. Together with 
the morphism Cg of the adapted basis we get the basis 



0g := {eg®idu) o gb{U) . 



(4.28) 



for the algebra. From the form 



A U 



A U 




PuA9i,92) 



(4.29) 



u 
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of the product we see that the algebra is graded by the stabihzer Sa{U): for gi,g2& <S{U), 
we have 

031 * 4>92 = PuAdl, 92) (Pgig2 (4-30) 

for some two-cochain Pu^a on Sa{U). The multiphcation on the C-algebra End^(Indyi([/)) is 
associative, so this cochain is closed. A change of basis will not change its cohomology class, 
which is the object we are interested in. We characterize it by computing the commutator 
cocycle Eu^a of Pu,a, which appears in 

A U A U 




(4.31) 



u u 

To compute Su^h^g), we compose both sides of (j4.31|) with the morphism 

u 




(4.32) 



A U 

Then on the right hand side, after using the Frobenius property, only the tensor unit can 
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propagate in the middle A-ribbon, so that we obtain a multiple of idu'- 

u u u 




= Tm'"^^- (4-33) 



To compute the left hand side, we note that, since all coupling spaces involved are one- 
dimensional, there exist non-zero scalars ag{U) such that 

u u 




(4.34) 



U Lg U Lg 
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We now compute 



u u u u 




u u u u 



(4.35) 

where the basis independent 6j-symbols (j)u{h,g) are used to interchange the order of the 
Lh- and L^-ribbons. After a shght deformation of the L/i-ribbons we can now invoke the 
relation ()2.H) that is vahd for invertible objects in order to tie them together in a different 
order. The dual morphisms hb{U) and cancel each other, so that we arrive at 




(4.36) 
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where in the last step we have used the relation ()2.1|) for Lg. Comparing to ()3.36p we see 
that the last morphism is equal to Ea^Q, h)/ {a g{U) dim{ A)) idu- Combining with ()4.33|) 
and ()4.35|1 . and noting that dim(yl) = |i7(y4)|, gives 

eu,A{h,9) = <l>u{h,9)EA{g,h) , (4.37) 

in agreement with ()4.25jl . / 

The general theory of twisted group algebras of finite abelian groups JHH] motivates the 

Definition 4.8 : 

Given a Schellekens algebra A, the untwisted stabilizer, or central stabilizer, of a simple 
object U is the subgroup 

Ua{U) := {g e Sa{U) \ suAo, h) = 1 for all h e Sa{U)} (4.38) 

of the stabilizer Sa{U). 

The stabilizer 5^(t/j) only depends on the support H{A) of the Schellekens algebra A; 
the central stabilizer UA{Ui), however, also depends on the algebra structure chosen on 
the object A. The following property of the central stabilizer relates it to a twisted group 
algebra (compare e.g. [5H]): 

Lemma 4.9 : 

The group algebra of Ua{U) <Sa{U) is the center of the /3[/_yi-twisted group algebra of 
Sa{U), 

€Ua{U) = Z{Cp,^^Sa{U)) . (4.39) 



Remark 4.10 : 

(i) The modules over the twisted group algebra are in bijection with the representations 
of the central stabilizer. 

(ii) The central stabilizer, rather than the full stabilizer, is thus the group whose characters 
label the "resolved fixed points". This holds true even in the absence of discrete torsion, 
i.e. for Ea = 1- 

(iii) For a certain class of simple objects Ui, a simple formula for the order \UA{Ui)\ of the 
central stabilizer has been derived in It states that, provided that the number 

^^(^^) ■= mm E E -^.^ ^o,. S , (4.40) 

defined for a simple current group H and a simple object Ui, is non-zero, then 

\UAm\ = \SAm\{ZH{Ui)f . (4.41) 
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(iv) It is instructive to look at the situation in the case of theta-categories. Let C{G,ip,uj) 
be a theta-category and A a commutative algebra in it. Then the simple A-modules are 
in correspondence with elements of the quotient group G/H; the local modules are those 
classes [q]EG/H such that (3{g,q) = l for all gEH. They form a subgroup (G/H)^ of 
G/H. The category of local modules is again a theta-category; it is characterized by the 
quadratic form q{[g]) =q{g), which is well-defined. 

As already mentioned at the beginning of this section, every simple A-module appears 
as a submodule of an induced module. Suppose a given induced module lndA{U) over a 
Schellekens algebra A decomposes according to 



Ind^(t/) 



(4.42) 



into simple modules M^. The algebra End^(IndA(f/)) is then isomorphic to a direct sum 
of matrix algebras EndA(IndA(f/)) = ©kgJ'^^^"k('^)- '^^^ ^^^^ matrices of the individual 
blocks then form a basis of the center of End^(IndA(f/)) consisting of idempotents. Each 
such idempotent gives one isotypical component M®""^ in the decomposition (j4.42p . 

To construct these projectors, let us start by specifying a basis {ipg \ g eUa{U)} of the 
C-algebra Z(EndA(IndA(f/))) for a simple object U. It is given by 



iPg := {m^idu)o{idA^4>g) 




(4.43) 



A U 

That this is indeed a basis 



for g^L{A{U), where (j)g is the morphism introduced in 
is implied by lemma I^TH 

When making the choice arbitrarily, under composition this set of morphism closes up 
to scalar factors: 

A U A U 





Pu,Ai9, h) ipgh 



(4.44) 



A U 



A U 
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where Pu,a was defined in fl4.29p . Note that since g^hElAAiU), by definition the com- 
mutator two-cocycle eu^A{g,h) of Pu^A{g,h) is equal to one, and thus Pu,A = dri for some 
one-cochain rj on U{U). This imphes that it is possible to modify our initial choice of basis 
by suitable scalar factors in such a way that with the new choice we simply have 

^g°^h = ^gh ■ (4.45) 

This choice is unique up to a character ipu of Ua{U). The isotypical components are labeled 
by characters of Ua{U), but without distinguishing the trivial character, i.e. more precisely, 
they form a torsor over Ua{U)* . This phenomenon has been called fixed point homogeneity 

in ing. 

Note that with this choice of scalar factors the product in ()4.H()j) takes the simple form 

091 * 092 = 09192 = 092 * 091 all 5-1, 5-2 e Ua{U) . (4.46) 

Such a choice is indeed possible: Fix an adapted basis for the algebra A\ we may choose, for 
every simple object Ui separately, the morphisms gb{Ui) in such a way that the morphism 
(pg constructed from these gb{Ui) and from the adapted basis obey ()4.46|) . We therefore 
make the 

Definition 4.11 : 

Given a Schellekens algebra A in C, we fix an adapted basis for A. A family of basis choices 
gh{U) e Rom{Lg (g) U, U) for all simple objects U and for geUA{U), such that (jOHjl holds 
for the morphisms (pg constructed with these choices is called an A-straight family of bases. 
The corresponding family of morphisms (f)g is called A-straight as well. Whenever the 
algebra evident, we drop it from our notation. 

Clearly, an A-straight family is not uniquely determined. Rather, for each simple object 
U, the possible choices form a torsor over Ua{U)*. Note that the choices for non-isomorphic 
simple objects are not correlated. 

Let now (pg be straight, and introduce for every ip & IAa{U)* the morphism 

P^^^--=Wm E ^*(^)^^- (4.47) 

9&Ua{U) 

By orthogonality of the characters we have Pu,tpi ° Pu,ip2 = ^^i,->p2 Pu,i>i, for "01; "02 ^ Ua{U)* . 
Indeed, the Pu^^ with ip & IAa{U)* form a basis of Z(EndA(IndA([/))) consisting of idem- 
potents. Comparing with ()4.42j) we see that the images Mu^^ of the morphisms Pjj^^ are 
the isotypical components in the decomposition of IndAiU). Note that, for Ua{U) ^ Sa{U), 
Mu,ip is not simple, but rather the direct sum of 

■= (".48) 

isomorphic simple modules. 

The arguments in this section have established the following algorithm to determine 
the list of (isomorphy classes of) simple modules over a Schellekens algebra and thus of 
boundary conditions in a CFT of simple current type: 
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■ The set X of isomorphism classes of simple objects in C admits a partition in r orbits 
under the group We denote by Umx-, ■■■ , Um,. a set of representatives of these 
orbits. 

■ Lemma implies that for rrii ^rrij the induced modules IndA(t/m,J and IndAiUmj) do 
not contain any common simple submodule. Moreover, each simple module appears 
as the submodule of an induced module. The decomposition of the induced modules 
Ind^(t/mJ into their isotypical components thus provides us with the complete list of 
simple modules, without overcounting. 

■ The isotypical components M®"*-*-* in the decomposition IndA(?7mJ = ©Kej-^/?"''*'' 
are given as images of the projectors Pu^tp defined in ()4.47p . The projector is labeled by 
a character ip eUa{U)* , once an A-straight basis has been chosen. The multiplicites 
n{i) =dA{Umi) in an isotypical component depend only on not on k. 

■ With a given choice of straight basis, the simple A-modules are labeled by pairs 
(ra, ip) where n = 1, 2, ... , r labels an if(y4)-orbit and ijj EUA{Um„)* is a character of 
the central stabilizer lAA{Umr,) of f/m„- 



Remark 4.12 : 

(i) We have developed the representation theory of left A-modules. As mentioned, they 
describe the conformal boundary conditions of the CFT associated to A. However, the fact 
that we are dealing with left, rather than with right, modules over A is merely a matter 
of convention. One can equivalently describe all conformal boundary conditions by right 
y4-modules. 

(ii) Right A-modules over a Schellekens algebra A can be studied by the same methods 
as were used above. Every right A-module is submodule of an induced right module 
\'n.(l{U)A '■= iU ® A, idu ® m) . To obtain the isotypical components in the decomposition 
of Ind(f/)A we study the endomorphism algebra EndA(Ind(?7)A) of right module endomor- 
phisms of Ind([/)A. Let now f/ be a simple object of C; a basis of EndA(Ind(?7)A) is given 
by 

ifg ■= {idu (g) m) o {idu (g)eg(g) id^) o {bg{U) ® id^) • (4.49) 

The composition of two basis elements yields (pgo(pf^ = [3u,A{,g, h) ipgh for some two-cocycle 
f3u,A- The endomorphism algebra is thus isomorphic to a twisted group algebra, 

EndA{lnd{U)A) = <C^^^^Sa{U) . (4.50) 

The commutator two-cocycle su^a of Pu^a can be worked out analogously as for left modules; 
we find 

euA9, h) = = ^^^3, h) EA{g, h) . (4.51) 
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Comparison with ()4.25|) shows that Enci4(Ind([/)yi) and EndA(Indyi(f/)) are isomorphic if 
the KSB is symmetric. The situation becomes particularly transparent for categories 
in which all F-matrix entries are real. The result ()4.20j) implies that in this case, for any 
Schellekens algebra, the C-algebra EndA(Ind([/)A) for induced right modules is just the 
opposed algebra of EndA(IndA(?7)) for induced left modules. 

(iii) As in the case of left modules, one introduces for a given adapted basis of A the notion 
of y4-straightness for a family of morphisms in Hom(f/j, Ui® A). By an appropriate choice 
of the morphisms hg{U) one shows that straight families exist and that they form a torsor 
over the character group of the (right) central stabilizer. 

Using the coproduct of A rather then the product, one can endow also the vector space 
Hom(A ® U, U) with the structure of a C-algebra. This product is inherited from the 
endomorphism algebra 'E\i(1a{A®U, A®U) as well, this time using Frobenius reciprocity. 
One checks that if a choice of morphisms gb{U) straightens the product on Hom(f/, A^U), 
then the dual morphisms gb{U) straighten the product on }lom{A®U,U). An analogous 
statement holds for right modules. All straight choices are unique up to characters of the 
relevant central stabilizers. 

4.3 The boundary state 

Our next goal is to determine the boundary states for the full conformal field theory that 
corresponds to some given Schellekens algebra in a modular tensor category. The boundary 
state for a given boundary condition is, by definition, the information about the collection 
of all one-point functions of bulk fields on a disk with that boundary condition. We have 
already determined the possible boundary conditions: they correspond to left A-modules 
as described in the previous subsection. 

The bulk fields that can have a non-vanishing one-point function on the disk are de- 
scribed by the vectors a in the spaces 

Hom^l^(?7i(g)+A®-f/„y4) (4.52) 

of morphisms of bimodules. Here the superscripts at the tensor symbols remind us that the 
object Ui ^A of C has been endowed with the following structure of an A-bimodule: 
the left action of A is pi := (id^/. ® m idu-) o {c^^J^ ® jc/a ® -idf/-); while the right action is 
given by pr := (idui ® ® -i'dc/J ° (idc/i ® ^'^a ® c^\/_). In other words, for the left action the 
y4-ribbon is braided under the ?7j-ribbon, while for the right action the A-ribbon is braided 
over the [/j-ribbon. 

Only bulk fields with conjugate left and right chiral labels i and t contribute. Thus for 
every i G X there are Zii bulk fields that can have a non- vanishing one-point function on 
the disk. Correlators on the disk have already been presented schematically in the figure 
(21) of [I] as ribbon graphs in the three-ball B. With the conventions chosen here, the 
ribbon graph for the correlator of a bulk field ^f^^ labeled by the morphism a in the space 
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()4.52|) on a disk with boundary condition given by the A-module M looks as follows |70j : 



B 




(4.53) 



Here the morphisms connecting the A-ribbons to the M-ribbon are representation mor- 
phisms pm- The graph ()4.53|1 can be simplified by first dragging one of the representation 
morphisms along the M-ribbon, then using the representation property, then the fact that 
A is symmetric Frobenius, then that a is a bimodule morphism, and finally again that A is 
symmetric Frobenius. Depending on whether one applies the bimodule morphism property 
of a to the incoming or outgoing A-ribbon, one thereby arrives at one of the two following 
equivalent graphs: 




(4.54) 



Given a bulk field and a boundary condition, we would like to express the one-point 
function in terms of a conformal two-point block on the Riemann sphere. These conformal 
blocks form, for every label i G X, a one- dimensional complex vector space 

V^i, = Hom(f/, ® f/,, 1) . (4.55) 
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Since this vector space does not have any preferred basis, there is no canonical identification 
with the ground field C Such an identification becomes only possible once we have chosen 
a basis in Vn. ^ Such a basis vector in the space of two-point blocks is, in this context, 
also known as an "Ishibashi state" . The Ishibashi state for the label i can be depicted as 
the following ribbon graph in the three-ball: 



B 




(4.56) 



The one-point functions of bulk fields on a disk are then encoded in C-linear maps 

$m: ¥LomA\A{Ui®+ a®- U,,A) ^ Vi, (4.57) 

that send the morphism a to the morphism in Vn that appears in figure ()4.54|) . Only once 
we have selected a basis in Vii we can encode the same information in a linear form $m 
on the space of bulk fields, 

$M e {}iomA\A{Ui®^ A®- U,, A))* , (4.58) 

according to 

^M{a) = '^M{a)Xn- (4.59) 
The linear form $m can be thought of as providing the coefficients of the boundary state 
for the boundary condition M, written in terms of a fixed set of Ishibashi states. The 
values of this linear form are given by the invariant of the following graph in S^: 



$aa(«) 




(4.60) 



Ail. 



^ In [I] a basis of this space was denoted by A(i_j)o, see formula (1:2.29). Here we use the short-hand 
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Here the morphism that is dual to appears. 

In the rest of this subsection, we will make these general expressions more concrete for 
the particular case of Schellekens algebras. We start with a discussion of bulk fields that 
can have a non-vanishing one-point function on the disk, i.e. that have conjugate left and 
right chiral labels. 



Lemma 4.13 : 

There is a bijection between bulk fields with conjugate left and right chiral labels i and t 
and pairs {Ui, g), with Ui a simple object and g G SA^Ui) such that 



(4.61) 



is the trivial character on H{A). 

In terms of the morphisms we have already chosen (see appendix C), a basis of bulk fields 
is given by the morphisms 

A 




(4.62) 



Proof: 

The space of bimodule morphisms Hom^|^(f/j 0^ f/j. A) is trivially a subspace of the 
space of left-module morphisms Hom^([/j ^'^A Uj, A). By reciprocity, one easily sees that 
the latter space is graded over the stabilizer iS^([/j), with one-dimensional homogeneous 
subspaces. A basis of each homogeneous subspace is given by the morphisms ()4.62|) . We 
must determine which of these morphisms are even morphisms of bimodules. In other 
words, we are looking for the linear subspace consisting of linear combinations of the 
morphisms \l/g(f/i) with coefficients ■Cg ^ *C that obey 



(4.63) 



Composing both sides with Tgh from the left and with idu^ ®ri® idu:^ ® Ch from the right 
isolates the term g' = g in the sum. The resulting condition must be valid for all h G H{A), 
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which shows that is allowed to be non-zero if and only if the equality 



A A 




(4.64) 



Ui A Ui A 



is satisfied. 

To compute the graph on the left hand side of ()4.64|) . we insert the identity id^ = YliheH{A) Ph 
that is valid for Schellekens algebras together with the definition ()3.52|) of the exponentiated 
monodromy charge to obtain 




(4.65) 



Ui U, A Ui A 



Here in the second step we have inserted fl3.39|) . Thus we have equality in ()4.64j) if and 
only if Xc/,(') '^a{ -,9) is the trivial character on H. (This is precisely the condition found 
in [HI.) ' / 

Next we evaluate the invariant of the graph (j4.6(jp for $j\/(a) in the case when A is a 
Schellekens algebra and M = Muj,^ is the A-module that corresponds to the idempotent 
(|4.47p . (Recall from (|4.48|) that if the central stabilizer is strictly smaller than the stabilizer, 
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then this module is still reducible.) The graph for v)'''^'' follows: 




i i (4.66) 

Using the associativity of A, one can drag the product morphism coming from Pjy^,^ along 
the dashed line indicated on the right hand side. Afterwards one can use successively the 
bimodule morphism property of a, the unit property of 7], and then again the bimodule 
morphism property so as to arrive at the graph 




(4.67) 



To proceed, we must specify the morphism a G B.omA\A{Ui ®~ Ut, A). In view of 
lemma E.lHI it is natural to take one of the basis morphisms ()4.62|1 . Setting thus a = \E'/j(t/j), 
with "^hiUi) as in ()4.62|) . on the right hand side of ()4.67|) . we obtain 




(4.68) 
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This graph is non-zero only for h = g^^ so that the summation in ()4.66|) can be carried 
out exphcitly. Pulhng now the morphism gb{Uj) along the f/j-ribbon and slightly deforming 
the ribbons, using also sovereignty on the t/j-ribbon, the graph becomes 





(4.69) 



The equality between the left and right hand sides uses that A is symmetric. Comparison 
with the bilinear pairing ()4.8p shows that the right hand side is nothing but 



with a G Hom(Lg(8) Ui, Ui) and [3 G Hom(f/j, Uj® Lg) given by 

Ui U: 



a 




and P 




(4.70) 



(4.71) 



Remark 4.14 : 

(i) The scalar matrix s{A)fj defined in ()4.70j) depends both on the algebra A and on a 
choice of A-straight bases. However, choosing different bases changes the value of s{A)fj 
at most up to characters of the central stabilizers. 

(ii) In the following we list some properties of the matrices s{A)^, without a detailed proof. 
First, by setting = e in ()4.69|) we get immediately 

s{A)l^ = dim{A) Sij , (4.72) 



56 



where s is Sqq times the ordinary unitary modular S-matrix. 

Next, let S{A)fj be defined as s{A)fj, but with the inverse braiding instead of the braiding. 
Then we have 

E ^(^)f,.S(A)|,= ^|f^5,,, (4.73) 

the sum being over the set F{g) of all k&I such that gES{Uk), compare part (i) of the 
proof of proposition 14.41 To show the validity of (|4.73p . one uses that A-straight bases 
have been chosen. 
We also have 

s{A)l = siA%\ (4.74) 

This is seen by turning the graph (j4.69j) upside down and using that the algebra A is 
symmetric. 

Finally, if there exists a basis of the coupling spaces in which all F-matrix entries are real 
(compare remark I^Sfiii)), then we also have 

{s{A)fJ = ■ (4.75) 



(iii) The matrices s{A)^ should be compared to the corresponding quantities S"^ in 
The two quantities can be identified via S^j = (S'oo/dim(A)) (s(A)fj) , where J = g. 

Collecting the information in the relations ()4.66|) - ()4.70|) . we arrive at the following 
expression for the one-point function of the bulk field \E'/i(f/j) on a disk with boundary 
condition M^u^^^y. 



Now recall from ()4.48j) that the A-module M{ij.^^) is the direct sum of dA{Uj) isomorphic 
simple modules. Accordingly, the one-point function on a disk with boundary condition 
labeled by the simple A-module M(^n,ip) is given by 

This coincides with formula (11) of ^Tj, except for an overall factor. This factor comes 
from the normalisation of the bulk fields and of the matrix s{A)^. For the latter, compare 
formula ()4.73|) : also note that the normalisation of bulk fields differs from the one used 
in already when A = l jjl] . That the prefactor in ()4.77jl precisely stems from these 
normalisations can e.g. be seen from the fact that both the formula given in ^\ and our 
result ()4.77|1 lead to annulus coefficients that are non-negative integers. 
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5 Bimodules and defects 



A-bimodules, which in the apphcation to CFT correspond to defect hnes [I] can be treated 
in a manner that is quite analogous to the description of A-modules in section 14.21 Again 
the basic ingredient is a notion of induction. As it turns out, it is convenient not to use a-in- 
duction. Rather, we proceed as follows. Consider the object A^U ® A; the multiplication 
in A endows it with a natural structure of an A-bimodule that we call the induced bimodule 
IndAiAiUy. 

lndA\A{U) = {A<S)U®A,m<»idu® id^, idA ® idu ® m) . (5.1) 

Obviously, such bimodules can be studied for any symmetric special Frobenius algebra 
A, not only for Schellekens algebras. Moreover, there is no need to take the same sym- 
metric special Frobenius algebra for the left action and the right action. This leads us to the 

Definition 5.1 : 

Let Ai and A2 be two symmetric special Frobenius algebras in a tensor category C satisfying 
the assumptions in convention 12.21 The induced A1-A2- bimodule associated to an object 
U of C is the bimodule 

IndAi|A2(f^) := iAi^U®A2,mi^idu^idA2,idAi®idu^m2). (5.2) 

The following statement is immediate: 

Lemma 5.2 : 

Every Ai-A2-bimodule B over special Frobenius algebras Ai and A2 is a bimodule retract 
of some induced y4i-742-bimodule. 

Proof: 

Indeed, B is the bimodule retract of Ind^j|A2(-B) that is defined by the embedding and 
retraction morphisms 

Ai B A2 B 




B Ai B A2 



By the Frobenius and associativity properties of Ai and A2, these are morphisms of bi- 
modules, and by specialness we have ri^d^^^^^(^)^^ o e^^^^^^^^^^^^^^^ = ide- 

The central task in developing the bimodule theory of Schellekens algebras is thus to 
decompose induced bimodules. To this end, we must describe bimodule morphisms be- 
tween induced bimodules. A 'double-sided reciprocity' turns out to be a convenient tool: 
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Lemma 5.3 : 

For any two Ai and A2 and any two objects U and V ofC there are canonical isomorphisms 



fuy: Hom^j|A2(IndAi|A2(f/),IndAi|A2(^)) ^ Hom(f/, ® F ® A2) 
of complex vector spaces. They are given by 

A1VA2 A1VA2 A1VA2 A1VA2 



(5.4) 



and 



.-1 

Ju.v 




(5.5) 



AiU A2 U U AiU A2 

for a G Hom^j|^2(IndAi|A2(f^); Iiicl4i|A2(^)) and x G Hom([/, (g) \/ ® A2). 
Proof: 

That the two mappings are inverse to each other follows immediately by the associativity 
and unit properties. / 

Note that the statement holds for any pair Ai,A2 of unital associative algebras; the 
Frobenius property is not needed. 

The composition of bimodule morphisms induces a concatenation on the morphism 
spaces Hom([/, Ai®V ^ A2): 

A1WA2 




(5.6) 



u 

We now consider more specifically the situation that Ai and A2 are Schellekens algebras, 
Ai = ^hiGHi-^hi, with two not necessarily equal subgroups Hi and H2 in the effective center 
Pic°(C). In this case, the morphism space Hom(?7, Ai^V ^ A2) is non-zero only if U and 
V are on the same orbit of the subgroup H <Pic{C) that is generated by Hi and H2. 
Moreover, for U = V, this morphism space is naturally isomorphic to the endomorphism 
space 

EndA,|A2(IndA,|A2(t/)) = Hom(t/, A ® f/ ® A2) 

hi(^Hi,h2&H2 
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It is thus a graded vector space over 

SaM2{U) := {(/^i, h2) eH^xH^l hh^ G S{U)} 



(5J 



where the stabihzer S{U) of U is defined with respect to the whole effective center Pic°(C). 
This subset of Hi x H2 is a subgroup (since H is abehan); it will be called the bi-stabilizer 
of U with respect to Ai and A2. Clearly we have 



(5.9) 



Next we analyze the structure of the concatenation product introduced in (|5.6p on the 
space End^^|^2(IndAi|A2(^))- To this end we define, for {gi,g2) eSai\A2{U), the morphisms 




(5.10) 



where we have suppressed the argument U in the morphism g^g2b{U) E}iom{U, Lg^g^^U) 
(as introduced in definition I4.ir iii)). These form a basis of Hom(f/, Ai^U ^ A2). 



Proposition 5.4: 

Let [/GObj(C) be simple and Ai, A2 be two Schellekens algebras in C. The C-algebra 
Hom(f/, Ai^U ® A2) is a twisted group algebra over the group Sai\A2 iP). The cohomology 
class of the corresponding two-cocycle is described by the alternating bihomomorphism 

eu,AiA2i.9u 92, h, /la) = <pu{.gi92, hih2) /3(/ii, 92) (/^i, fi-i) 2^2(5-2, h2) . (5.11) 

Proof: 

We first notice that the algebra is also graded over the group Sa^\a2{U) as an algebra, i.e. 
we have 

g^(t)g^{U) -k h^(t)h^{U) = Pu,Al,A2i9l,92,hl,h2) g^h^(f)g^h2{U) (5.12) 

for some two-cocyle Pu,Ai,A2 on Sai\A2{U). This follows from the fact that the morphism 
space B.om{U, Lgj^hi®Lg^h2®U) is one-dimensional. 

Again, we determine the isomorphy type of the algebra by computing the commutator 
two-cocyle eu,A^,A2i9i, fl'2, ^1, ^2) appearing in 

91092 (f^) */ii0/i2(f^) = £U,Ai,A2{9l,92,hi,h2) hr(t)h2{U) -k g^(t)g2{U) . (5.13) 
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To determine the scalars eu,Ai,A2{9i,92,hi,h2), we compose the equahty ()5.13p with the 
concatenation gi(f)g2{U) -k ^^(^^^[U) of dual basis morphisms. Then on the right hand side, 
after using the Frobenius property for both Ai and A2, only the tensor unit can propagate 
in the middle Aj-ribbons, so that analogously as in (j4.35j) one obtains a multiple of idu: 



u u 




idu . (5.14) 



u u 
On the left hand side one gets, after inserting the explicit form (jS.lOj) of the morphisms. 
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and by analogous manipulations as in ()4.35|) 




(5.15) 



Here the basis indepedent 6j-symbol 4>u{hih2, gig2) as defined in ()4.H) (note that both 
products hih2 and gig2 are in S{U), so that this definition is applicable) appears when 
interchanging the order of the L^^h^- and Lg^^j-ribbons. Next, we invert the braiding on 
the right hand side of ()5.15|) that is marked with a circle; this gives rise to a factor (3{hi,g2), 
compare to ()2.17p . Similarly like in the first step of ()4.36|) one can now use the relation 
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()2.1|) and the fact that gig2b{U) and g^g2b{U) are dual bases so as to obtain 
u u 




u u (5.16) 

where we use the abbreviation F = (f)u[gig2, hih2) (3{hi,g2). Using ()H.H6|1 we thus arrive at 

£u,Ai,A2i9u92,hi,h2) = (I)ui9i92,hih2) (3ihi,g2)EA,ihi,gi)EA^ig2,h2) , (5.17) 
Thus we have estabhshed ()5.11|) . / 

After these prehminaries, the determination of the simple Ai-A2-bimodules continues 
along the same lines as in the case of left modules that was treated in section 14.21 

Denote by {5^ | k G /C} a set of representatives of isomorphism classes of simple A1-A2- 
bimodules, and let ?7 be a simple object in C. As for left modules, the isotypical components 
5®"'= in the decomposition 

Ind^,|^,(t/)-05r'= (5.18) 

of an induced bimodule can be extracted as the images of idempotents in the center of the 
endomorphism algebra ^ii<lAM2{^'^^AM2iJJ))-'^Pv,Ai,A2^MM{U). 
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To describe this center we introduce the central bi-stabilizer 

^Ai\A2{U) := {{gi, 92) ^ Sai\A2{U) \ eu,AuA2{9i, 92, h, h2) = 1 

for all {hi, h2) e Sa^\A2{U)} ■ 



(5.19) 



As for modules we then have 

Z ^ Z(End^,|^,(Ind^,|^,(t/))) - 2(C^,,,,,,,<S4,|A.(f/)) = CW^.|A.(f/) • (5.20) 

Note that, by construction, a basis of the morphism space End^^|A2(Ind^j|^2(f/)) is given by 
{9i^92{U) I {91, 92) ^ Sa^\A2{U)} with g^(Pg2iU) : = G ^2 (^) ) 5 and with the isomorphism 
fu,u the one defined in lemma 15. HI As already stated, the multiplication is given by 
concatenation; following ()5.12|) it takes the form 

9i^g2iU) O h^iph^{U) = Pu,AiA2i9l,92,hi,h2) gihr'fg2h2iU) . (5.21) 

The definition of the central bi-stabilizer implies that a basis of Z is, in turn, given by 
{gi¥^g2iU) I (91,92) ^^Ai\A2{U)}. On Z the commutator two-cocycle of Pu,AiA2 trivial, 
and hence we can modify the original choice of basis by suitable scalars so that in the new 
basis we have, for {91,92) and {hi,h2) m.lAA^\A2iU), 

gi'Pg2 iU) o hmi2 iU) = g,h^Vg2h2 (U) . (5.22) 
The primitive idempotents in Z can then be given explicitly as 
- 1 



\l^AM2iU)\ 



J2 r{9,h)^H{U), (5.23) 



{g,h)€UA^\A2(U) 



where ijj eUai\A2{U)* is a character of the central bi-stabilizer. All simple bimodules in the 
decomposition of Ind^iM2(f^) occur with the same multiplicity 




dAM2iU) = \l ir )rr\\ - (5-24) 

The inequivalent simple bimodules in a given induced bimodule Ind^ji^jl^) are thus 
labeled by characters of Ua-^\a2{U), once a basis satisfying (j5.22p has been chosen. Fur- 
thermore, two induced bimodules Ind/i^ 1^2(^1) and lndAj^\A2{Uj) for simple objects Ui, Uj 
are isomorphic if Ui and Uj lie on the same if-orbit, and do not contain any common 
submodules otherwise. This establishes the 

Proposition 5.5 : 

Let Ai and A2 be two Schellekens algebras in a modular tensor category C. Denote by H 
the subgroup of Pic(C) generated by H{Ai) and H{A2). Given a choice of basis satisfying 
()5.22|) . the isomorphism classes of simple Ai-A2-bimodules are uniquely labeled by pairs 
(n, '?/'), where n labels an if-orbit in the set {Ui\iEX} of simple objects of C and ip 
is a character of the central bi-stabihzer UAi\A2{Umn), for an arbitrary fixed choice of 
representative Um„ of the nth if-orbit. 
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Remark 5.6 : 

(i) The total number of isomorphism classes of simple 74i-y42-bimodules is given by the 
formula tr (Z(y4i)Z(y42)*) , see remark I:5.19(ii). 

(ii) For Ai = A2 = A, the category Ca\a of A-A-bimodules is itself a tensor category. It 
thus makes sense to consider the Grothendieck ring (or fusion ring) of Ca\a- This ring is 
in general non-commutative. Denoting again by {i?^ | kG/C} a set of representatives of 
isomorphism classes of simple bimodules, the structure constants of the fusion ring of Ca\a 
are defined via 

= 0iV^/5,. (5.25) 

The N^J^ are non-negative integers by construction. One can compute these numbers as 
invariants of a ribbon graph in S'^ x S^. We have 

iV^/ = dimHom^|^(5^®^5,,5,) = Z^J^ , (5.26) 

where we set X = ®a B^, Y = 5^, and where Zqq is the ribbon graph given in (1:5.151). 
Note that the knowledge of the projectors ()5.23p is sufficient to compute the N^J^. However, 
since the image of these projectors is a direct sum of isomorphic simple bimodules, one 
must divide the resulting invariant by the corresponding multiplicities ()5.24|) . 

(iii) Let A be a simple symmetric special Frobenius algebra. The fusion algebra of A-A- 
bimodules has a direct physical interpretation. It describes the fusion of conformal defects, 
i.e. the process of joining two defect lines and decomposing the resulting defect line again 
into simple defects. As a consequence of fl5.25|l . the matrices Z^j'' " obey the condition 

This is the way the fusion algebra of defect lines was introduced in j72] . 
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A Some notions from group cohomology 



In this appendix we summarize a few notions from the cohomology of finite groups. In the 
applications of our interest, the group is abelian. Still, we write the group operation mul- 
tiplicatively, since the groups we are interested in arise from products in the Grothendieck 
group of a tensor category and thus from a tensor product. 

A.l Ordinary cohomology 

We start with ordinary group cohomology with values in C^. Let G be a (not necessarily 
abelian) finite group. A /c-cochain on G with values in is a function 

k: G'' = Gx---xG^€'' . (A.l) 

K is called normalized iff its value is 1 G as soon as at least one of the arguments is the 
unit element e&G. The group of /c-cochains is denoted by C''{G, C^). The coboundary 
operator 

d = dfe: C*^(G',C^) ^ C'=+^(G,C^) (A.2) 

is defined by 

dn{gi, 92, ■■■ , Qk+i) = 1^(92, 93, ■■■ , 9k+i) i^{9i92, 93, ■■■ fi'fc+i)"^ 1^(91, 9293, ■■■ , 9k+i) 

■ ■ ■ 1^(91, 92, - , 9k9k+i)^~^^'' k{9i, 92, - , 9k)^~^^''^'- 

The elements in the kernel of d^ form a subgroup Z^{G, C^) of C^{G, C^); they are called 
/c-cocycles. The elements of the image of d^ form a subgroup B^^^{G, C^) of G^'^^{G, C^); 
they arc called (A;+l)-coboundaries. The operator d squares to one, d^+iodfe = 1 G C Thus 
B^{G, C^) < Z^{G, C^); the cohomology is defined as the quotient group: 

H^{G, C^) := Z^{G, C^) /B^{G, C^) . (A.4) 

For a deeper understanding of a cohomology theory, it is useful to have mathematical 
objects at one's command that are classified by the cohomology groups. The following is 
well known. 

■ H^{G, C^) parametrizes group homomorphisms from G to C^, and thus one-dimensional 

irreducible G-representations. 

■ H^{G, C^) (modulo the action of outer automorphisms of G) parametrizes isomorphism 
classes of twisted group algebras. The group algebra <CG is the unital associative complex 
algebra with a basis {bg}g^G labeled by G and multiplication bg-khg' = hggi. Given a two- 
cocycle u e Z'^{G, C^), one can twist the multiphciation by u according to 

bg-k^bg^ :=uj{g,g')bgg> (A. 5) 

to obtain the twisted group algebra C(^G. The fact that a; is a cocyclc is equivalent to 
the associativity of the product ★a;- Cohomologous two-cocycles give rise to isomorphic 
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algebras. If uj is normalised, then he is the unit element in C^jG- Since every two-cocycle 

is cohomologous to a normalised two-cocycle, C^G is an algebra with unit. 

■ As we have seen in the main text, C^) parametrizes marked categorifications 

of the group ring ZG. The fact that ^ -^^(G, C^) is a cocycle ensures that the tensor 

product on the category is associative. Cohomologous three-cocycles give rise to equivalent 

categories. 



A. 2 Abelian group cohomology 

From now on the finite group G is assumed to be abelian. So far we have only used the 
associativity of the product of G, e.g. when checking that d is nilpotent. When G is abelian, 
it is natural to study also notions that in addition use the commutativity of the product. 
Indeed we also need abelian group cohomology; more precisely, we are only interested in 

An abelian two-cochain is an ordinary two-cochain. An abelian three-cochain is a 
pair {ip, Q) consisting of an ordinary three-cochain ip and a two-cochain Q. It is called 
normalized iff both ijj and Q are normalized as cochains. The abelian coboundary dab^^ of 
an abelian two-cochain k is an abelian three-cochain defined as 

i.e. one takes the pair consisting of the ordinary coboundary of the two-cochain n and the 
commutator cocycle Kcomm of k, defined by 

/«comm(x, y) := k{x, y) K{y, xy^ . (A.7) 

An abelian three-cochain {ip, Q) is an abelian three-cocycle iff is an ordinary three-cocycle, 
dip = 1, and 

ip{y,z,x)-^n{x,yz)ip{x,y,z)-^ = n{x,z)ip{y,x,z)'^n{x,y) , 

(A.8) 

ip{z, X, y) n{xy, z) ij{x, y, z) = n{x, z) ip{x, z, y) n{y, z) . 
(In the notation used in %p{x^ y, z) = f{x, y, z) and VL{x, y) = d{x \ y), compare formulas 

(17) -(19) of na.) 

This means that for closed abelian three-cochains the deviation of Q from being a 
bihomomorphism (i.e. from being multiplicative in both arguments) is controlled by the 
ordinary three-cochain ip. Finally, the abelian cohomology group iffj,(G, C^) is defined 
as the quotient of the group of normalized three-cocycles by its subgroup consisting of 
coboundaries of normalized two-cochains. Forgetting Q provides a group homomorphism 

The fibers of this map are bihomomorphisms modulo alternating bihomomorphisms. (A 
bihomomorphism on G is called alternating iff ({g,g) = l for all g&G, see definition 

mn) 
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As shown in the main text, the objects parametrized by the abehan cohomology 
H^y^{G, C^) are the marked theta-categories that are marked categorifications of ZG. An- 
other important aspect of the abehan group cohomology H^-^^{G,<C^) is its relation to 
quadratic forms on the abelian group G. A quadratic form on G with values in the multi- 
plicative group is a map 

q: G^C^ (A.IO) 
such that q{g) = q{g^^) and such that the function 

/3„ : G X G ^ 

(A. 11) 

{91,92) ^ q{9i92)q{9iY^(l{92y^ 

is a bihomomorphism, which is called the associated bihomomorphism. The product of two 
quadratic forms is again a quadratic form, so that quadratic forms form an abelian group 
QF(G,C^). 

Note that while the quadratic form completely determines the bihomomorphism, the 
converse need not be true. Indeed, two quadratic forms q, q on G possess the same 
associated bihomomorphism Pg = Pg iS q = qx for some x ^ H^iG, ^2)- That x takes values 
in Z2 follows because any quadratic form obeys q{g) = q{9^^)- 

The map 

EM: i/i(G,C*) ^ QF(G,CX) ^^^^^ 

[(V",^)] Q with q{g):=n{g,g) 

is a homomorphism of abelian groups. In particular, the quadratic form depends only on 
the cohomology class. It has been shown by Eilenberg and MacLane fSlIZS] that EM is 
even an 2somorphism. Moreover, they show that the associated bihomomorphisms obeys 

Pgi4,M9^h) = nig,h)nih,g). (A.13) 



B KS matrices versus KSBs 

Here we present the alternative description of KSBs that is due to Kreuzer and Schellekens 
|16j . For easier comparison with the original literature ^H] we use CFT terminology, in 
particular the conformal weights Aj and the monodromy charges (j2.22j) . The conformal 
weights are only needed modulo Z, so that it is sufficient to know the balancing phases 
9i = exp(— 27riAj) of the modular tensor category C. 

Definition B.l : 

Let if be a subgroup in the effective center Pic°(C). Write H in the form 

ii ^ X Z„, X ■ ■ ■ X , (B.l) 

with generators gi, g2, ■■■ ,gk of the cyclic factors. A KS matrix for H is a k x A; -matrix 
with entries Xab, defined modulo Z, that satisfy the constraints 
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i) Xab + = Qgaidb) mod Z for all a, b and 

(B.2) 

ii) Na Xab € ^ for all a, b , with A^^^ = A^^^^ the order of ga ■ 
If the order A^^^ of Qa is even, then in addition 

iii) Ag^ = (Na-l) Xaa mod Z for all a . (B.3) 

(In ()B.1|) we do not impose any divisibility conditions on the n^, so the decomposition is 
not unique.) 

To prove the relation between KSBs and KS matrices we use the following properties 
of quadratic forms. 

Lemma B.2 : 

For G a finitely generated abehan group with generators gi, g2, ■■■ , gr, let q, q' G QF(G, C^). 

(i) If q{gi)=q\gi) and qigigj) = q'igigj) for all ij G {1, ... ,r} with i^j, then q = q'. 

(ii) For every g & G we have qig"") = q{g)"' ■ 
Proof: 

(i) Since g is a quadratic form, by definition ^(^f) =q{g^^), and Pq{g, h) =q{gh)/ {q{g)q{h)) 
is a bihomomorphism. Expressing g,h&G in terms of the generators as g = g^^ ■ ■ ■ g^'' 
and h = g"^ ■ ■ ■ g'^.^ and using the bihomomorphism property of (3q, we have 

r 

Mg, h) = (5q{gT' ■ ■ ■ gT^gT " " " qT) = H ^^d'- Q.r''' , (B.4) 

which when expressed in terms of q amounts to 

qm=q{g)q{h)\{ {-^f^T^'- (B.5) 

q{g) can therefore be determined recursively for all (7 G G by starting from q{gi) and q{gigj)- 
Next note that since Pg is a bihomomorphism, we have Pq{g,g~^) = l/Pq{g,g). Written in 
terms of q this implies qi^g"^) = q{gY- Hence q{gigi) can be expressed through q{gi). 
These arguments show that a quadratic form q is uniquely determined for all (7 G G once 
we prescribe its values on g = gi and g = gigj for i^j. In particular, two quadratic forms 
that coincide on these group elements are equal. 

(ii) Since Pg is a bihomomorphism, we have Pq{g"', g) = Pq{g, g)""- In terms of q{g) this 
implies, using also q^g"^) = q{gY, 

qig""^') = qign qig?"-^' . (B.6) 
This recursion relation has the unique solution q{g'^) = q{g)^^ ■ •/ 
The relation between between KSBs and KS matrices is now provided by 
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Lemma B.3 : 

Let if be a subgroup in the effective center Pic°(C), written in the form ()B.1|) . and X 
a kx fc-matrix. For any two elements g,h of H, written in the form g= Ylaida)"^'' ^^^^1 
h=Uai9ar\ set 

k 

E{g, h) := exp(27ri ^ niaXabUb) ■ (B.7) 

a,b=l 

Then S is a KSB if and only if X is a KS matrix. 
Proof: 

Suppose that E{g,h) is a KSB, i.e. S is a bihomomorphism with the additional property 
E(g, g) =9g. Then in particular it is a well-defined map G x G — >■ . Since g^" = e, where 
Na is the order of the generator ga, we have 

1 = E{g^^,g,) = exp{27riNaXab) (B.8) 

for all a,b, i.e. NaXah G Z, establishing that the matrix X has property ()B.2l ii). Further, 
by lemma 13.181 together with (j2.2ip and (j2.22p we know that 

exp(27ri(Xab+Xfe„)) = E{ga, gb) ^{gb, 9a) = Pi9a, 9b) = exp{2TriQ g^{gb)) . (B.9) 

The matrix X thus also has property ()B.2l i). Finally, property ()B.3|) of X follows from the 
fact that a KSB by definition obeys E{ga,ga) = Oga, together with NaXab G Z. Thus X is 
indeed a KS matrix. 

Suppose now that X is a KS matrix. We first check that S as defined in ()B.7|1 is a well- 
defined map G X G^<C^. Note that the rria and ria in g= na(fi'«)""' ^^"^ ^= Ylai9a)""' 
are defined only mod Na. Shifting nia ^ rria + kNa changes the right hand side of ()B.7|) by 
exp(27rifc NaXabnb), which is equal to one by property ()B.2l ii) of a KS matrix. Similarly, 
shifting Ub ^ Ub + kNb changes the right hand side by 

(B.IO) 

= UaPi9a,gb)'-^''^ = Ua/3i9a,g^T^ = 1 , 

where in the first step ()B.2l i) is used, in the second step flB.2l ii) and (j2.2H) . and in the 
third and fourth step that /5 is a bihomomorphism and that g^'' = e. 
Thus S is well defined. That S is a bihomomorphism is then obvious. It follows that 
q{g) = g) is a quadratic form. To establish that S is a KSB we must show that q coin- 
cides with the quadratic form 6{g) =0g. By lemma lR2l it is enough to verify q{ga) =5{ga) 
and q{gagb) = 5{.9agb) for a^h. First note that by ()B.2l i) and ()2.21|) . 

gb) E{gb, ga) = e2-(^-+^-) = g,) . (B.ll) 

By definition ()2.16p . we have P{ga,ga) =^{9l)/^i9a)'^- Now, 5 is a quadratic form, and by 
lemma ESfii) we know S{gl) =6{ga)'^. Evaluating ()B.11|) for a = b thus yields 

q{9a)' = S{ga)\ (B.12) 
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Furthermore, 



I = q{9^^) = q{9ar" and 1 = = %,)^^ (B.13) 

where each time in the first step it is used that Qa has order Na-, while in the second 
step lemma lR2f ii) is employed. Now note that for Na odd, at most one of the two roots 
X ol = 6{qaf can also satisfy x^"^ = 1. Since both q{ga) and 6{ga) obey both of these 
equalities, they must be equal, q{ga) = S{ga)- On the other hand, for even Na, the equality 
q{ga) = S{ga) is an immediate consequence of the properties ()B.2l ii) and (jR 



q{ga) = '^{ga, ga) = exp{2iTiXaa) = exp{-27TiAgJ = 9g^ . (B.14) 
Finally, for q{gagb) we find 

q{9agb) = '^{gagb, gagt) = ^{ga, ga) ^{gt, gt) ^{ga, gt) '^{gt, ga) 

= ^aa(^9b Pi9a,gb) = Ogagt , 



(B.15) 



where in the second step it is used that H is a bihomomorphism, in the third step ()B.11|) 
is substituted, and the fourth step uses the definition of /3 in ()2.16p . This shows that 
q{ga) =S{ga) and q{gagb) =S{gagb) for all a,b. It follows that q = 6 and hence E{g,h) is 
indeed a KSB. / 



C Conventions 
C.l Basis choices 

Simple currents. Bases for the three-point coupling spaces are denoted by 

)• (C.l) 

For g = e, we take the identity morphism, gbg = idig = gbe (here we use that Lg = 1 is a 
strict tensor unit). 

Algebras. An adapted basis choice for the morphism spaces involving a Schellekens 
algebra {A, m, r], A, e) and its simple subobjects is: 

eg e Hom(Lg, A) , rg e Hom(A, Lg) , rgOeg = idi^ , 

1 (C.2) 



ei = ^' ^^1 = dh^I(3)^' 
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Fixed points. For a simple object U with Lg^U = U - & fixed point of g - bases of tlie 
relevant morpliism spaces are denoted by 



bg{U) e Hom(f/(g)Lg,f/) and gb{U) e }iom{Lg(g)U,U) . (C.3) 
The corresponding dual basis vectors 

^f7) G Rom{U,U®Lg) and ^6(f7) G Rom{U,Lg(^U) (C.4) 
are then uniquely determined via 

bg{U)o'QJj) = idu and gb{U) o^b{U) = idu • (C.5) 

C.2 Pentagon, hexagons, and abelian three-cocycles 

In this appendix we compare the pentagon and the two hexagon identities for the fusion 
and braiding matrices F, R to the corresponding conditions for to be an abelian 

three-cocycle. 

We first spell out the pentagon and the two hexagons for a ribbon category in which 
dimHom(f/j ® Uj, Uk) G {0, 1} for all triples of simple objects Ui, Uj and Uk- This holds in 
particular for theta-categories, which is the case we are interested in. By the definition of 
the 6j-symbols F (see (1:2.36)) we have (compare also appendix ILA.l), 




i j k I 

as well as 




i j k I i j k I i j k I 



(C.7) 
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Comparison yields the pentagon identity 

EfU kl)p f{irl)m ci^J s _ p (« i 9) "1 p (t fc m 
qr ps ' rt ' pt ' q s 



Similarly, using also the definition of the braiding matrices R (see (1:2.41)) we have, 
I I I 




f(Uk)p 




E 



' ^ pq 




(C.9) 



and 




Z-^ P' 



kj)l 




i j k 



'^fiikj)l^P^{rj)ly^pUik)l 



q,r 




(C.IO) 



Using also that RC™")* R ^ 

comparison yields the first of the two hexagon identities 

fiijk)l _ p(ikj)l p(j r)i p{jik)l ^ (C.ll) 

r 

The second hexagon identity is obtained by reversing the braiding in all pictures. Explicitly, 

(R(fci)p)-i f{^jk)i (^^{ij)qy^ ^ f^^l:^^^ (r('--')')~' f^^;'^)' . (C.12) 



Consider now the special case of a theta-category V and denote Pic(P) by G. Then all 
simple objects are invertible, so that the r-summations in ()C.8|) . ()C.11|) and ()C.12|) reduce 
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to a single term. Two possible ways to define in terms of F, R are, first, 

^tk^i'-'-' = H9,h,k) and R^<^ ^^^''^ = ^ih, g) , (C.13) 

and second, 

Fl^.M^ '-' = H9,h,k)-' and R^^'^)^''^ = ^ih, g)-' . (C.14) 

Here g,h,kEG, and for better readability we spelled out the product '■' of G explicitly. 
One can now verify that for both choices the conditions dtp = 1 and ()A.8|) for {ip, Q) to be 
an abelian 3-cocycle are equivalent to the pentagon ()U.8|) and the two hexagon identities 

(iniii, den. 

In the definition of the theta-category C{G,iIj,Q) in lemma EHl we have selected the 
second possible identification, i.e. ()(y.l4|l . 
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